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Abstract
The recent results of [J. Dubail, J.-M. Ste´phan, J. Viti, P. Calabrese, Scipost
Phys. 2, 002 (2017)], which aim at providing access to large scale correlation
functions of inhomogeneous critical one-dimensional quantum systems —e.g. a
gas of hard core bosons in a trapping potential— are extended to a dynami-
cal situation: a breathing gas in a time-dependent harmonic trap. Hard core
bosons in a time-dependent harmonic potential are well known to be exactly
solvable, and can thus be used as a benchmark for the approach. An extensive
discussion of the approach and of its relation with classical and quantum hydro-
dynamics in one dimension is given, and new formulas for correlation functions,
not easily obtainable by other methods, are derived. In particular, a remark-
able formula for the large scale asymptotics of the bosonic n-particle function〈
Ψ†(x1, t1) . . .Ψ†(xn, tn)Ψ(x′1, t′1) . . .Ψ(x′n, t′n)
〉
is obtained. Numerical checks of the
approach are carried out for the fermionic two-point function —easier to access
numerically in the microscopic model than the bosonic one— with perfect agree-
ment.
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1 Introduction
1.1 Context
Tremendous progress has been made in this early XXIst century in the physics of one-
dimensional (1d) quantum systems, both on the experimental and theoretical sides. In par-
ticular, it has been realized in the past 15 years that several historical models of many-body
quantum physics in 1d, such as the Lieb-Liniger model or the XXZ spin chain, that were
previously regarded as oversimplified toy-models, were in fact very good descriptions of real
systems that can be created and manipulated in the laboratory [2–13] . In the past two
years, we have witnessed an important breakthrough with the development of a “Generalized
HydroDynamic” description [14,15] of these systems (see also Refs. [16–30] for further develop-
ments) which, contrary to previously existing hydrodynamic approaches, is able to reproduce
experimental observations of out-of-equilibrium isolated integrable quantum systems [31–33].
Although it applies to systems that are definitely made of quantum objects (cold atoms), the
hydrodynamic approach leads to a classical description of the system.
At the moment an important open problem is to understand how to extend the new
2
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“Generalized HydroDynamic” approach to incorporate quantum effects, such as quantum
correlations or interference effects. This is the motivation for the present work. We shall
focus on a particular concrete problem, which is simple enough so that it can be treated
entirely analytically.
While it is known that hydrodynamics accurately predicts one-point functions but fails in-
stead to predict higher-point functions (more specifically, it simply predicts them to be zero),
here we are going to explain how it can be extended to obtain more generic quantum correla-
tion functions. The idea is to use the classical hydrodynamics solution as the background on
which one can build an effective action for the quantum fluctuations.
The problem we will treat is the one of a gas of hard-core bosons, also known as the
Tonks-Girardeau gas, in a time-dependent harmonic potential V (x, t). This problem is well-
known to be exactly solvable [34–36], and our goal is to use it to illustrate our approach,
which extends recent works by others and by ourselves and our collaborators [1, 37–51]. We
will see that we recover some known results about equal-time correlations, and we uncover
new ones, including results for correlation functions at different time.
1.2 The model, and goal of the paper
The time-dependent Hamiltonian of 1d bosons with delta repulsion in an external potential
V (x, t) is
H(t) =
∫
dx
(
~2
2m
(∂xΨ
†)(∂xΨ) + V (x, t)Ψ†Ψ + gΨ†2Ψ2
)
(1)
where Ψ†(x), Ψ(x) are operators that create/annihilate a boson at position x, which satisfy
the canonical commutation rule [Ψ(x),Ψ†(x′)] = δ(x− x′). In this paper we focus exclusively
on the hard-core limit (or Tonks-Girardeau limit),
g → +∞, (2)
and on a harmonic trapping potential with a time-dependent frequency,
V (x, t) =
1
2
mω(t)2x2. (3)
At t = 0, the system is in the ground state |ψ0〉 of H with an initial trap frequency ω0 and
a chemical potential µ. It is well-known that, in 1d, hard-core bosons can be mapped to free
fermions. Using this, the number of bosons N in the ground state is easily calculated: it is
equal to (the integer part of) µ/(~ω0). Importantly, this means that
~N = O(µ/ω0), (4)
so when we work in units where µ and ω0 are both of order 1, taking N very large is equivalent
to taking ~ very small.
In that sense, for this problem, the thermodynamic limit is a semiclassical limit. To keep
track of quantumness in the problem, we do not set ~ to one; instead, we will sometimes set
ω0 = µ = m = 1. (5)
Our goal is to learn how to calculate correlation functions of local observables
〈O1(x1, t1)O2(x2, t2) . . . Op(xp, tp)〉 (6)
3
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in the limit 1/N ∼ ~ → 0. Throughout the paper, 〈.〉 is the expectation value in the initial
state |ψ0〉.
A number of results on this particular problem are available in the literature. These in-
clude exact finite-N results that exploit the mapping to fermions for correlation functions of
some observables at equal time t1 = t2 = · · · = tp [34] (see also Refs. [52–59]); however to
our knowledge, such results do not exist for correlations at different times. There are also
results for observables that are not straightforwardly expressed in terms of the underlying
free fermions and that have been derived in the thermodynamic/semiclassical limit above,
for the static case. These include the one-particle density matrix [60] or the entanglement
entropy [61]. We will see below that the approach we take here [1, 37–48, 50, 51] automati-
cally reproduces the large-N asymptotics of these known results; moreover, it gives access to
correlations at different times.
The manuscript is organized as follows. In section 2 we present the approach we follow
throughout the paper, starting with the Wigner function of the free fermion problem, the
reduction to a classical hydrodynamic description, and the reconstruction of quantum fluc-
tuations and correlations on top of that classical description. In section 3 we introduce a
few notations and useful formulas that are specific to the problem of the time-dependent
harmonic oscillator; those formulas follow naturally from a “holographic” picture [62] which
we briefly review. In section 4 we use that formalism to write the asymptotics of corre-
lation functions of boson creation/annihilation operators, see formula (52). In particular,
this yields a remarkably simple formula for the n-particle correlation function at equal time〈
Ψ†(x1, t) . . .Ψ†(xn, t)Ψ(x′1, t) . . .Ψ(x′n, t)
〉
, see formula (53). In section 5 we focus on the
fermionic two-point function. We evaluate its asymptotics using our approach —including
low-energy contributions captured by the CFT, but also an important contribution that lies
beyond CFT, which we properly take into account— and compare to a numerical evaluation of
that two-point function at finite N . We find perfect agreement, thus validating the approach.
We conclude in section 6.
2 Strategy: reconstruction of quantum fluctuations on top of
a classical hydrodynamic solution
In this section we outline the general principles that underly the approach we take in this
paper, without focusing on any specific correlation function. We briefly sketch the most
important ideas of the classical hydrodynamic description of the gas, and of its quantization.
Concrete examples of calculations of correlation functions are given in the next sections.
We stress that the reconstruction of quantum fluctuations on top of a classical hydro-
dynamic solution is an old problem in theoretical physics, dating back to Landau [63], with
contributions by many authors motivated by different topics [64–66]. An inspiring treatment
is given by Abanov in Ref. [37], which we partially follow here.
2.1 Generalized Hydrodynamics/Wigner function evolution
It is well known that hard core bosons in 1d are equivalent to free fermions. The mapping
from bosons to fermions is done by inserting a Jordan-Wigner string,
Ψ†F (x) = e
ipi
∫
y<x ρ(y)dy Ψ†(x), (7)
4
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where ρ(y) = Ψ†(y)Ψ(y) = Ψ†F (y)ΨF (y) is the density operator, such that the fermion cre-
ation/annihilation modes satisfy the canonical anti-commutation relations {ΨF (x),Ψ†F (x′)} =
δ(x− x′). In terms of the fermions, the Hamiltonian (1) in the hard core limit is quadratic,
H(t) =
∫
dx
(
~2
2m
(∂xΨ
†
F )(∂xΨF ) + V (x, t)Ψ
†
FΨF
)
. (8)
To go towards a hydrodynamic description, it is useful to introduce the Wigner function of
these free fermions,
n(x, k, t) =
∫
dy eiky
〈
Ψ†F (x+ y/2, t)ΨF (x− y/2, t)
〉
, (9)
which has the semiclassical interpretation of being the probability to find a fermion at position
(x, k) in phase space. The Wigner function satisfies the exact evolution equation
∂tn(x, k, t) +
~k
m
∂xn(x, k, t) =
1
~
(∂xV (x, t))∂kn(x, k, t). (10)
We stress that this equation is exact because, in this paper, we focus exclusively on harmonic
potentials V (x, t). For more general potentials, Eq. (10) would be the leading order term in
an expansion in ~ and in higher order derivatives ∂pxV , p ≥ 2 [67].
Eq. (10), which holds for free fermions, is the simplest possible occurence of the Generalized
HydroDynamics equations (GHD) discovered in 2016 [14,15]. It would be very tempting to try
to generalize what we are doing here to the interacting case, replacing Eq. (10) by GHD; we
plan to come back to this in subsequent papers. Here we explain the basic ideas by focusing
on the simplest case which is entirely analytically solvable: the Tonks-Girardeau gas in a
harmonic trap.
What is important is that Eq. (10) is a classical evolution equation, so the quantumness
of the problem must be entirely hidden in the initial condition n(x, k, t = 0). We make the
problem even more classical by considering a particular class of classical or zero-entropy initial
states (in the terminology of [17, 68]), which then leads to an entirely classical description of
the problem. Quantum fluctuations will be reconstructed later, by re-quantizing the resulting
classical hydrodynamic description.
2.2 Reduction to classical hydrodynamics
In this paper, we focus on the evolution from the ground state, which is a zero-entropy state.
This class of zero-entropy states has been studied in several references [17, 69–71]. What
is important is that in the thermodynamic/semiclassical limit 1/N ∼ ~ → 0, the Wigner
function n(x, k, t) of the ground state is just an indicatrix function, parametrized by a certain
curve Γt in phase space:
n(x, k, t) =
{
1 if (x, k) is inside the contour Γt
0 if (x, k) is outside Γt.
(11)
The evolution equation (10) for the Wigner function can be viewed as an evolution equation
for the Fermi contour Γt. One can parametrize Γt locally as (x, kF,j(x, t)) where kF,j(x, t),
j = 1, 2, . . . are the Fermi points at position x, where the Wigner function jumps from 0 to 1
5
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(a)
<latexit sha1_base64="ASv2jd3smWQG cywGIR82gt889Cw=">AAACxnicjVHLSsNAFD2Nr1pfVZdugkWom5KIoCspuOmyon1A LTKZTuvQvEgmihTBH3Crnyb+gf6Fd8YU1CI6IcmZc+85M/deL/ZlqhzntWDNzS8sLhW XSyura+sb5c2tdhplCRctHvlR0vVYKnwZipaSyhfdOBEs8HzR8canOt65EUkqo/BC3 cWiH7BRKIeSM0XUeZXtX5UrTs0xy54Fbg4qyFczKr/gEgNE4MgQQCCEIuyDIaWnBxcO YuL6mBCXEJImLnCPEmkzyhKUwYgd03dEu17OhrTXnqlRczrFpzchpY090kSUlxDWp9 kmnhlnzf7mPTGe+m539Pdyr4BYhWti/9JNM/+r07UoDHFsapBUU2wYXR3PXTLTFX1z+ 0tVihxi4jQeUDwhzI1y2mfbaFJTu+4tM/E3k6lZved5boZ3fUsasPtznLOgfVBznZp7 dlipn+SjLmIHu6jSPI9QRwNNtMh7hEc84dlqWKGVWbefqVYh12zj27IePgA/6o/H</ latexit><latexit sha1_base64="ASv2jd3smWQG cywGIR82gt889Cw=">AAACxnicjVHLSsNAFD2Nr1pfVZdugkWom5KIoCspuOmyon1A LTKZTuvQvEgmihTBH3Crnyb+gf6Fd8YU1CI6IcmZc+85M/deL/ZlqhzntWDNzS8sLhW XSyura+sb5c2tdhplCRctHvlR0vVYKnwZipaSyhfdOBEs8HzR8canOt65EUkqo/BC3 cWiH7BRKIeSM0XUeZXtX5UrTs0xy54Fbg4qyFczKr/gEgNE4MgQQCCEIuyDIaWnBxcO YuL6mBCXEJImLnCPEmkzyhKUwYgd03dEu17OhrTXnqlRczrFpzchpY090kSUlxDWp9 kmnhlnzf7mPTGe+m539Pdyr4BYhWti/9JNM/+r07UoDHFsapBUU2wYXR3PXTLTFX1z+ 0tVihxi4jQeUDwhzI1y2mfbaFJTu+4tM/E3k6lZved5boZ3fUsasPtznLOgfVBznZp7 dlipn+SjLmIHu6jSPI9QRwNNtMh7hEc84dlqWKGVWbefqVYh12zj27IePgA/6o/H</ latexit><latexit sha1_base64="ASv2jd3smWQG cywGIR82gt889Cw=">AAACxnicjVHLSsNAFD2Nr1pfVZdugkWom5KIoCspuOmyon1A LTKZTuvQvEgmihTBH3Crnyb+gf6Fd8YU1CI6IcmZc+85M/deL/ZlqhzntWDNzS8sLhW XSyura+sb5c2tdhplCRctHvlR0vVYKnwZipaSyhfdOBEs8HzR8canOt65EUkqo/BC3 cWiH7BRKIeSM0XUeZXtX5UrTs0xy54Fbg4qyFczKr/gEgNE4MgQQCCEIuyDIaWnBxcO YuL6mBCXEJImLnCPEmkzyhKUwYgd03dEu17OhrTXnqlRczrFpzchpY090kSUlxDWp9 kmnhlnzf7mPTGe+m539Pdyr4BYhWti/9JNM/+r07UoDHFsapBUU2wYXR3PXTLTFX1z+ 0tVihxi4jQeUDwhzI1y2mfbaFJTu+4tM/E3k6lZved5boZ3fUsasPtznLOgfVBznZp7 dlipn+SjLmIHu6jSPI9QRwNNtMh7hEc84dlqWKGVWbefqVYh12zj27IePgA/6o/H</ latexit><latexit sha1_base64="ASv2jd3smWQG cywGIR82gt889Cw=">AAACxnicjVHLSsNAFD2Nr1pfVZdugkWom5KIoCspuOmyon1A LTKZTuvQvEgmihTBH3Crnyb+gf6Fd8YU1CI6IcmZc+85M/deL/ZlqhzntWDNzS8sLhW XSyura+sb5c2tdhplCRctHvlR0vVYKnwZipaSyhfdOBEs8HzR8canOt65EUkqo/BC3 cWiH7BRKIeSM0XUeZXtX5UrTs0xy54Fbg4qyFczKr/gEgNE4MgQQCCEIuyDIaWnBxcO YuL6mBCXEJImLnCPEmkzyhKUwYgd03dEu17OhrTXnqlRczrFpzchpY090kSUlxDWp9 kmnhlnzf7mPTGe+m539Pdyr4BYhWti/9JNM/+r07UoDHFsapBUU2wYXR3PXTLTFX1z+ 0tVihxi4jQeUDwhzI1y2mfbaFJTu+4tM/E3k6lZved5boZ3fUsasPtznLOgfVBznZp7 dlipn+SjLmIHu6jSPI9QRwNNtMh7hEc84dlqWKGVWbefqVYh12zj27IePgA/6o/H</ latexit>
(b)
<latexit sha1_base64="awaSVqNEVKsoLO9z8gG/mFexZxo=">AAACxnicjVHLSsN AFD2Nr1pfVZdugkWom5KIoCspuOmyon1ALZJMp3VoXiQTRYrgD7jVTxP/QP/CO+MU1CI6IcmZc+85M/dePwlEJh3ntWDNzS8sLhWXSyura+sb5c2tdhbnKeMtFgdx2vW9jAci 4i0pZMC7Scq90A94xx+fqnjnhqeZiKMLeZfwfuiNIjEUzJNEnVf9/atyxak5etmzwDWgArOacfkFlxggBkOOEBwRJOEAHjJ6enDhICGujwlxKSGh4xz3KJE2pyxOGR6xY/qOa NczbER75ZlpNaNTAnpTUtrYI01MeSlhdZqt47l2Vuxv3hPtqe52R3/feIXESlwT+5dumvlfnapFYohjXYOgmhLNqOqYccl1V9TN7S9VSXJIiFN4QPGUMNPKaZ9trcl07aq3no 6/6UzFqj0zuTne1S1pwO7Pcc6C9kHNdWru2WGlfmJGXcQOdlGleR6hjgaaaJH3CI94wrPVsCIrt24/U62C0Wzj27IePgBCS4/I</latexit><latexit sha1_base64="awaSVqNEVKsoLO9z8gG/mFexZxo=">AAACxnicjVHLSsN AFD2Nr1pfVZdugkWom5KIoCspuOmyon1ALZJMp3VoXiQTRYrgD7jVTxP/QP/CO+MU1CI6IcmZc+85M/dePwlEJh3ntWDNzS8sLhWXSyura+sb5c2tdhbnKeMtFgdx2vW9jAci 4i0pZMC7Scq90A94xx+fqnjnhqeZiKMLeZfwfuiNIjEUzJNEnVf9/atyxak5etmzwDWgArOacfkFlxggBkOOEBwRJOEAHjJ6enDhICGujwlxKSGh4xz3KJE2pyxOGR6xY/qOa NczbER75ZlpNaNTAnpTUtrYI01MeSlhdZqt47l2Vuxv3hPtqe52R3/feIXESlwT+5dumvlfnapFYohjXYOgmhLNqOqYccl1V9TN7S9VSXJIiFN4QPGUMNPKaZ9trcl07aq3no 6/6UzFqj0zuTne1S1pwO7Pcc6C9kHNdWru2WGlfmJGXcQOdlGleR6hjgaaaJH3CI94wrPVsCIrt24/U62C0Wzj27IePgBCS4/I</latexit><latexit sha1_base64="awaSVqNEVKsoLO9z8gG/mFexZxo=">AAACxnicjVHLSsN AFD2Nr1pfVZdugkWom5KIoCspuOmyon1ALZJMp3VoXiQTRYrgD7jVTxP/QP/CO+MU1CI6IcmZc+85M/dePwlEJh3ntWDNzS8sLhWXSyura+sb5c2tdhbnKeMtFgdx2vW9jAci 4i0pZMC7Scq90A94xx+fqnjnhqeZiKMLeZfwfuiNIjEUzJNEnVf9/atyxak5etmzwDWgArOacfkFlxggBkOOEBwRJOEAHjJ6enDhICGujwlxKSGh4xz3KJE2pyxOGR6xY/qOa NczbER75ZlpNaNTAnpTUtrYI01MeSlhdZqt47l2Vuxv3hPtqe52R3/feIXESlwT+5dumvlfnapFYohjXYOgmhLNqOqYccl1V9TN7S9VSXJIiFN4QPGUMNPKaZ9trcl07aq3no 6/6UzFqj0zuTne1S1pwO7Pcc6C9kHNdWru2WGlfmJGXcQOdlGleR6hjgaaaJH3CI94wrPVsCIrt24/U62C0Wzj27IePgBCS4/I</latexit><latexit sha1_base64="awaSVqNEVKsoLO9z8gG/mFexZxo=">AAACxnicjVHLSsN AFD2Nr1pfVZdugkWom5KIoCspuOmyon1ALZJMp3VoXiQTRYrgD7jVTxP/QP/CO+MU1CI6IcmZc+85M/dePwlEJh3ntWDNzS8sLhWXSyura+sb5c2tdhbnKeMtFgdx2vW9jAci 4i0pZMC7Scq90A94xx+fqnjnhqeZiKMLeZfwfuiNIjEUzJNEnVf9/atyxak5etmzwDWgArOacfkFlxggBkOOEBwRJOEAHjJ6enDhICGujwlxKSGh4xz3KJE2pyxOGR6xY/qOa NczbER75ZlpNaNTAnpTUtrYI01MeSlhdZqt47l2Vuxv3hPtqe52R3/feIXESlwT+5dumvlfnapFYohjXYOgmhLNqOqYccl1V9TN7S9VSXJIiFN4QPGUMNPKaZ9trcl07aq3no 6/6UzFqj0zuTne1S1pwO7Pcc6C9kHNdWru2WGlfmJGXcQOdlGleR6hjgaaaJH3CI94wrPVsCIrt24/U62C0Wzj27IePgBCS4/I</latexit>
k
<latexit sha1_base64="F6XL3m7dFGpa7kRK2rDsSTUCzcE=">AAACxHicjVHLSsNAFD2Nr1pf VZdugkVwVRIRdFkUxGUL9gG1SJJO69BpEiYToRT9Abf6beIf6F94Z5yCWkQnJDlz7j1n5t4bpoJnyvNeC87C4tLySnG1tLa+sblV3t5pZUkuI9aMEpHIThhkTPCYNRVXgnVSyYJxKFg7HJ3rePuOyYw n8ZWapKw3DoYxH/AoUEQ1Rjflilf1zHLngW9BBXbVk/ILrtFHggg5xmCIoQgLBMjo6cKHh5S4HqbESULcxBnuUSJtTlmMMgJiR/Qd0q5r2Zj22jMz6ohOEfRKUro4IE1CeZKwPs018dw4a/Y376nx1H eb0D+0XmNiFW6J/Us3y/yvTteiMMCpqYFTTalhdHWRdclNV/TN3S9VKXJIidO4T3FJODLKWZ9do8lM7bq3gYm/mUzN6n1kc3O861vSgP2f45wHraOq71X9xnGldmZHXcQe9nFI8zxBDZeoo2m8H/GE Z+fCEU7m5J+pTsFqdvFtOQ8fTDyPcA==</latexit><latexit sha1_base64="F6XL3m7dFGpa7kRK2rDsSTUCzcE=">AAACxHicjVHLSsNAFD2Nr1pf VZdugkVwVRIRdFkUxGUL9gG1SJJO69BpEiYToRT9Abf6beIf6F94Z5yCWkQnJDlz7j1n5t4bpoJnyvNeC87C4tLySnG1tLa+sblV3t5pZUkuI9aMEpHIThhkTPCYNRVXgnVSyYJxKFg7HJ3rePuOyYw n8ZWapKw3DoYxH/AoUEQ1Rjflilf1zHLngW9BBXbVk/ILrtFHggg5xmCIoQgLBMjo6cKHh5S4HqbESULcxBnuUSJtTlmMMgJiR/Qd0q5r2Zj22jMz6ohOEfRKUro4IE1CeZKwPs018dw4a/Y376nx1H eb0D+0XmNiFW6J/Us3y/yvTteiMMCpqYFTTalhdHWRdclNV/TN3S9VKXJIidO4T3FJODLKWZ9do8lM7bq3gYm/mUzN6n1kc3O861vSgP2f45wHraOq71X9xnGldmZHXcQe9nFI8zxBDZeoo2m8H/GE Z+fCEU7m5J+pTsFqdvFtOQ8fTDyPcA==</latexit><latexit sha1_base64="F6XL3m7dFGpa7kRK2rDsSTUCzcE=">AAACxHicjVHLSsNAFD2Nr1pf VZdugkVwVRIRdFkUxGUL9gG1SJJO69BpEiYToRT9Abf6beIf6F94Z5yCWkQnJDlz7j1n5t4bpoJnyvNeC87C4tLySnG1tLa+sblV3t5pZUkuI9aMEpHIThhkTPCYNRVXgnVSyYJxKFg7HJ3rePuOyYw n8ZWapKw3DoYxH/AoUEQ1Rjflilf1zHLngW9BBXbVk/ILrtFHggg5xmCIoQgLBMjo6cKHh5S4HqbESULcxBnuUSJtTlmMMgJiR/Qd0q5r2Zj22jMz6ohOEfRKUro4IE1CeZKwPs018dw4a/Y376nx1H eb0D+0XmNiFW6J/Us3y/yvTteiMMCpqYFTTalhdHWRdclNV/TN3S9VKXJIidO4T3FJODLKWZ9do8lM7bq3gYm/mUzN6n1kc3O861vSgP2f45wHraOq71X9xnGldmZHXcQe9nFI8zxBDZeoo2m8H/GE Z+fCEU7m5J+pTsFqdvFtOQ8fTDyPcA==</latexit><latexit sha1_base64="F6XL3m7dFGpa7kRK2rDsSTUCzcE=">AAACxHicjVHLSsNAFD2Nr1pf VZdugkVwVRIRdFkUxGUL9gG1SJJO69BpEiYToRT9Abf6beIf6F94Z5yCWkQnJDlz7j1n5t4bpoJnyvNeC87C4tLySnG1tLa+sblV3t5pZUkuI9aMEpHIThhkTPCYNRVXgnVSyYJxKFg7HJ3rePuOyYw n8ZWapKw3DoYxH/AoUEQ1Rjflilf1zHLngW9BBXbVk/ILrtFHggg5xmCIoQgLBMjo6cKHh5S4HqbESULcxBnuUSJtTlmMMgJiR/Qd0q5r2Zj22jMz6ohOEfRKUro4IE1CeZKwPs018dw4a/Y376nx1H eb0D+0XmNiFW6J/Us3y/yvTteiMMCpqYFTTalhdHWRdclNV/TN3S9VKXJIidO4T3FJODLKWZ9do8lM7bq3gYm/mUzN6n1kc3O861vSgP2f45wHraOq71X9xnGldmZHXcQe9nFI8zxBDZeoo2m8H/GE Z+fCEU7m5J+pTsFqdvFtOQ8fTDyPcA==</latexit>
x
<latexit sha1_base64="MyiEmFnntf+qNJvnSMVFXu6341g=">AAACxHicjVHLSsNAFD2Nr/q uunQTLIKrkoigy6IgLluwD6hFknRaQ6dJmJmIpegPuNVvE/9A/8I74xTUIjohyZlz7zkz994w47FUnvdacObmFxaXissrq2vrG5ulre2mTHMRsUaU8lS0w0AyHiesoWLFWTsTLBiFnLXC4ZmOt26Z kHGaXKpxxrqjYJDE/TgKFFH1u+tS2at4ZrmzwLegDLtqaekFV+ghRYQcIzAkUIQ5Akh6OvDhISOuiwlxglBs4gz3WCFtTlmMMgJih/Qd0K5j2YT22lMadUSncHoFKV3skyalPEFYn+aaeG6cNfub 98R46ruN6R9arxGxCjfE/qWbZv5Xp2tR6OPE1BBTTZlhdHWRdclNV/TN3S9VKXLIiNO4R3FBODLKaZ9do5Gmdt3bwMTfTKZm9T6yuTne9S1pwP7Pcc6C5mHF9yp+/ahcPbWjLmIXezigeR6jigvU0 DDej3jCs3PucEc6+WeqU7CaHXxbzsMHaxyPfQ==</latexit><latexit sha1_base64="MyiEmFnntf+qNJvnSMVFXu6341g=">AAACxHicjVHLSsNAFD2Nr/q uunQTLIKrkoigy6IgLluwD6hFknRaQ6dJmJmIpegPuNVvE/9A/8I74xTUIjohyZlz7zkz994w47FUnvdacObmFxaXissrq2vrG5ulre2mTHMRsUaU8lS0w0AyHiesoWLFWTsTLBiFnLXC4ZmOt26Z kHGaXKpxxrqjYJDE/TgKFFH1u+tS2at4ZrmzwLegDLtqaekFV+ghRYQcIzAkUIQ5Akh6OvDhISOuiwlxglBs4gz3WCFtTlmMMgJih/Qd0K5j2YT22lMadUSncHoFKV3skyalPEFYn+aaeG6cNfub 98R46ruN6R9arxGxCjfE/qWbZv5Xp2tR6OPE1BBTTZlhdHWRdclNV/TN3S9VKXLIiNO4R3FBODLKaZ9do5Gmdt3bwMTfTKZm9T6yuTne9S1pwP7Pcc6C5mHF9yp+/ahcPbWjLmIXezigeR6jigvU0 DDej3jCs3PucEc6+WeqU7CaHXxbzsMHaxyPfQ==</latexit><latexit sha1_base64="MyiEmFnntf+qNJvnSMVFXu6341g=">AAACxHicjVHLSsNAFD2Nr/q uunQTLIKrkoigy6IgLluwD6hFknRaQ6dJmJmIpegPuNVvE/9A/8I74xTUIjohyZlz7zkz994w47FUnvdacObmFxaXissrq2vrG5ulre2mTHMRsUaU8lS0w0AyHiesoWLFWTsTLBiFnLXC4ZmOt26Z kHGaXKpxxrqjYJDE/TgKFFH1u+tS2at4ZrmzwLegDLtqaekFV+ghRYQcIzAkUIQ5Akh6OvDhISOuiwlxglBs4gz3WCFtTlmMMgJih/Qd0K5j2YT22lMadUSncHoFKV3skyalPEFYn+aaeG6cNfub 98R46ruN6R9arxGxCjfE/qWbZv5Xp2tR6OPE1BBTTZlhdHWRdclNV/TN3S9VKXLIiNO4R3FBODLKaZ9do5Gmdt3bwMTfTKZm9T6yuTne9S1pwP7Pcc6C5mHF9yp+/ahcPbWjLmIXezigeR6jigvU0 DDej3jCs3PucEc6+WeqU7CaHXxbzsMHaxyPfQ==</latexit><latexit sha1_base64="MyiEmFnntf+qNJvnSMVFXu6341g=">AAACxHicjVHLSsNAFD2Nr/q uunQTLIKrkoigy6IgLluwD6hFknRaQ6dJmJmIpegPuNVvE/9A/8I74xTUIjohyZlz7zkz994w47FUnvdacObmFxaXissrq2vrG5ulre2mTHMRsUaU8lS0w0AyHiesoWLFWTsTLBiFnLXC4ZmOt26Z kHGaXKpxxrqjYJDE/TgKFFH1u+tS2at4ZrmzwLegDLtqaekFV+ghRYQcIzAkUIQ5Akh6OvDhISOuiwlxglBs4gz3WCFtTlmMMgJih/Qd0K5j2YT22lMadUSncHoFKV3skyalPEFYn+aaeG6cNfub 98R46ruN6R9arxGxCjfE/qWbZv5Xp2tR6OPE1BBTTZlhdHWRdclNV/TN3S9VKXLIiNO4R3FBODLKaZ9do5Gmdt3bwMTfTKZm9T6yuTne9S1pwP7Pcc6C5mHF9yp+/ahcPbWjLmIXezigeR6jigvU0 DDej3jCs3PucEc6+WeqU7CaHXxbzsMHaxyPfQ==</latexit>
(x, kF )
<latexit sha1_base64="Q+rRYTClX8+4 F36Zjjhj/qq/DUI=">AAACznicjVHLSsNAFD2Nr1pfVZdugkWooCURQVdSEMRlBfuA WkoyndahaRKSSbGU4tYfcKufJf6B/oV3xhQqUnRCkjvnnnNm7r1u6IlYWtZ7xlhYXFp eya7m1tY3Nrfy2zu1OEgixqss8IKo4Tox94TPq1JIjzfCiDsD1+N1t3+p8vUhj2IR+ LdyFPLWwOn5oiuYIwlqFh+OzH57fHU8OWznC3bJ0su0fgXTVAHpqgT5N9yhgwAMCQbg 8CEp9uAgpqcJGxZCwloYExZRJHSeY4IcaRNicWI4hPbp26NdM0V92ivPWKsZneLRG5 HSxAFpAuJFFKvTTJ1PtLNC53mPtae624j+buo1IFTintC/dFPmf3WqFokuznUNgmoKN aKqY6lLoruibm7OVCXJISRMxR3KRxQzrZz22dSaWNeueuvo/IdmKlTtWcpN8KluOTvg +UHtpGRbJfvmtFC+SEedxR72UaR5nqGMa1RQ1R1/xgtejYoxNCbG4zfVyKSaXfxYxt MXqVCSsA==</latexit><latexit sha1_base64="Q+rRYTClX8+4 F36Zjjhj/qq/DUI=">AAACznicjVHLSsNAFD2Nr1pfVZdugkWooCURQVdSEMRlBfuA WkoyndahaRKSSbGU4tYfcKufJf6B/oV3xhQqUnRCkjvnnnNm7r1u6IlYWtZ7xlhYXFp eya7m1tY3Nrfy2zu1OEgixqss8IKo4Tox94TPq1JIjzfCiDsD1+N1t3+p8vUhj2IR+ LdyFPLWwOn5oiuYIwlqFh+OzH57fHU8OWznC3bJ0su0fgXTVAHpqgT5N9yhgwAMCQbg 8CEp9uAgpqcJGxZCwloYExZRJHSeY4IcaRNicWI4hPbp26NdM0V92ivPWKsZneLRG5 HSxAFpAuJFFKvTTJ1PtLNC53mPtae624j+buo1IFTintC/dFPmf3WqFokuznUNgmoKN aKqY6lLoruibm7OVCXJISRMxR3KRxQzrZz22dSaWNeueuvo/IdmKlTtWcpN8KluOTvg +UHtpGRbJfvmtFC+SEedxR72UaR5nqGMa1RQ1R1/xgtejYoxNCbG4zfVyKSaXfxYxt MXqVCSsA==</latexit><latexit sha1_base64="Q+rRYTClX8+4 F36Zjjhj/qq/DUI=">AAACznicjVHLSsNAFD2Nr1pfVZdugkWooCURQVdSEMRlBfuA WkoyndahaRKSSbGU4tYfcKufJf6B/oV3xhQqUnRCkjvnnnNm7r1u6IlYWtZ7xlhYXFp eya7m1tY3Nrfy2zu1OEgixqss8IKo4Tox94TPq1JIjzfCiDsD1+N1t3+p8vUhj2IR+ LdyFPLWwOn5oiuYIwlqFh+OzH57fHU8OWznC3bJ0su0fgXTVAHpqgT5N9yhgwAMCQbg 8CEp9uAgpqcJGxZCwloYExZRJHSeY4IcaRNicWI4hPbp26NdM0V92ivPWKsZneLRG5 HSxAFpAuJFFKvTTJ1PtLNC53mPtae624j+buo1IFTintC/dFPmf3WqFokuznUNgmoKN aKqY6lLoruibm7OVCXJISRMxR3KRxQzrZz22dSaWNeueuvo/IdmKlTtWcpN8KluOTvg +UHtpGRbJfvmtFC+SEedxR72UaR5nqGMa1RQ1R1/xgtejYoxNCbG4zfVyKSaXfxYxt MXqVCSsA==</latexit><latexit sha1_base64="Q+rRYTClX8+4 F36Zjjhj/qq/DUI=">AAACznicjVHLSsNAFD2Nr1pfVZdugkWooCURQVdSEMRlBfuA WkoyndahaRKSSbGU4tYfcKufJf6B/oV3xhQqUnRCkjvnnnNm7r1u6IlYWtZ7xlhYXFp eya7m1tY3Nrfy2zu1OEgixqss8IKo4Tox94TPq1JIjzfCiDsD1+N1t3+p8vUhj2IR+ LdyFPLWwOn5oiuYIwlqFh+OzH57fHU8OWznC3bJ0su0fgXTVAHpqgT5N9yhgwAMCQbg 8CEp9uAgpqcJGxZCwloYExZRJHSeY4IcaRNicWI4hPbp26NdM0V92ivPWKsZneLRG5 HSxAFpAuJFFKvTTJ1PtLNC53mPtae624j+buo1IFTintC/dFPmf3WqFokuznUNgmoKN aKqY6lLoruibm7OVCXJISRMxR3KRxQzrZz22dSaWNeueuvo/IdmKlTtWcpN8KluOTvg +UHtpGRbJfvmtFC+SEedxR72UaR5nqGMa1RQ1R1/xgtejYoxNCbG4zfVyKSaXfxYxt MXqVCSsA==</latexit>
(x, kF+)
<latexit sha1_base64="skxOQx367Ofw jahlN5S9qdK22g8=">AAACznicjVHLSsNAFD2Nr1pfVZdugkWoKCURQVdSEMRlBfuA WkoyndahaRKSSbGU4tYfcKufJf6B/oV3xhQqUnRCkjvnnnNm7r1u6IlYWtZ7xlhYXFp eya7m1tY3Nrfy2zu1OEgixqss8IKo4Tox94TPq1JIjzfCiDsD1+N1t3+p8vUhj2IR+ LdyFPLWwOn5oiuYIwlqFh+OzX57fHU0OWznC3bJ0su0fgXTVAHpqgT5N9yhgwAMCQbg 8CEp9uAgpqcJGxZCwloYExZRJHSeY4IcaRNicWI4hPbp26NdM0V92ivPWKsZneLRG5 HSxAFpAuJFFKvTTJ1PtLNC53mPtae624j+buo1IFTintC/dFPmf3WqFokuznUNgmoKN aKqY6lLoruibm7OVCXJISRMxR3KRxQzrZz22dSaWNeueuvo/IdmKlTtWcpN8KluOTvg +UHtpGRbJfvmtFC+SEedxR72UaR5nqGMa1RQ1R1/xgtejYoxNCbG4zfVyKSaXfxYxt MXpIySrg==</latexit><latexit sha1_base64="skxOQx367Ofw jahlN5S9qdK22g8=">AAACznicjVHLSsNAFD2Nr1pfVZdugkWoKCURQVdSEMRlBfuA WkoyndahaRKSSbGU4tYfcKufJf6B/oV3xhQqUnRCkjvnnnNm7r1u6IlYWtZ7xlhYXFp eya7m1tY3Nrfy2zu1OEgixqss8IKo4Tox94TPq1JIjzfCiDsD1+N1t3+p8vUhj2IR+ LdyFPLWwOn5oiuYIwlqFh+OzX57fHU0OWznC3bJ0su0fgXTVAHpqgT5N9yhgwAMCQbg 8CEp9uAgpqcJGxZCwloYExZRJHSeY4IcaRNicWI4hPbp26NdM0V92ivPWKsZneLRG5 HSxAFpAuJFFKvTTJ1PtLNC53mPtae624j+buo1IFTintC/dFPmf3WqFokuznUNgmoKN aKqY6lLoruibm7OVCXJISRMxR3KRxQzrZz22dSaWNeueuvo/IdmKlTtWcpN8KluOTvg +UHtpGRbJfvmtFC+SEedxR72UaR5nqGMa1RQ1R1/xgtejYoxNCbG4zfVyKSaXfxYxt MXpIySrg==</latexit><latexit sha1_base64="skxOQx367Ofw jahlN5S9qdK22g8=">AAACznicjVHLSsNAFD2Nr1pfVZdugkWoKCURQVdSEMRlBfuA WkoyndahaRKSSbGU4tYfcKufJf6B/oV3xhQqUnRCkjvnnnNm7r1u6IlYWtZ7xlhYXFp eya7m1tY3Nrfy2zu1OEgixqss8IKo4Tox94TPq1JIjzfCiDsD1+N1t3+p8vUhj2IR+ LdyFPLWwOn5oiuYIwlqFh+OzX57fHU0OWznC3bJ0su0fgXTVAHpqgT5N9yhgwAMCQbg 8CEp9uAgpqcJGxZCwloYExZRJHSeY4IcaRNicWI4hPbp26NdM0V92ivPWKsZneLRG5 HSxAFpAuJFFKvTTJ1PtLNC53mPtae624j+buo1IFTintC/dFPmf3WqFokuznUNgmoKN aKqY6lLoruibm7OVCXJISRMxR3KRxQzrZz22dSaWNeueuvo/IdmKlTtWcpN8KluOTvg +UHtpGRbJfvmtFC+SEedxR72UaR5nqGMa1RQ1R1/xgtejYoxNCbG4zfVyKSaXfxYxt MXpIySrg==</latexit><latexit sha1_base64="skxOQx367Ofw jahlN5S9qdK22g8=">AAACznicjVHLSsNAFD2Nr1pfVZdugkWoKCURQVdSEMRlBfuA WkoyndahaRKSSbGU4tYfcKufJf6B/oV3xhQqUnRCkjvnnnNm7r1u6IlYWtZ7xlhYXFp eya7m1tY3Nrfy2zu1OEgixqss8IKo4Tox94TPq1JIjzfCiDsD1+N1t3+p8vUhj2IR+ LdyFPLWwOn5oiuYIwlqFh+OzX57fHU0OWznC3bJ0su0fgXTVAHpqgT5N9yhgwAMCQbg 8CEp9uAgpqcJGxZCwloYExZRJHSeY4IcaRNicWI4hPbp26NdM0V92ivPWKsZneLRG5 HSxAFpAuJFFKvTTJ1PtLNC53mPtae624j+buo1IFTintC/dFPmf3WqFokuznUNgmoKN aKqY6lLoruibm7OVCXJISRMxR3KRxQzrZz22dSaWNeueuvo/IdmKlTtWcpN8KluOTvg +UHtpGRbJfvmtFC+SEedxR72UaR5nqGMa1RQ1R1/xgtejYoxNCbG4zfVyKSaXfxYxt MXpIySrg==</latexit>
 t
<latexit sha1_base64="f8f/M9KMa1iQrEwrN6EJOH8k3K4=">AAACy3icjVHLSsNAFD2Nr1 pfVZdugkVwVRIRdFl0oRuhgn1ALWWSTmswLyYToVaX/oBb/S/xD/QvvDNOQS2iE5KcOfecO3Pv9dIwyKTjvBasmdm5+YXiYmlpeWV1rby+0cySXPi84SdhItoey3gYxLwhAxnydio4i7yQt7zrY xVv3XCRBUl8IUcp70ZsGAeDwGeSqPblCYsi1pO9csWpOnrZ08A1oAKz6kn5BZfoI4GPHBE4YkjCIRgyejpw4SAlrosxcYJQoOMc9yiRNycVJwUj9pq+Q9p1DBvTXuXMtNunU0J6BTlt7JAnIZ0g rE6zdTzXmRX7W+6xzqnuNqK/Z3JFxEpcEfuXb6L8r0/VIjHAoa4hoJpSzajqfJMl111RN7e/VCUpQ0qcwn2KC8K+dk76bGtPpmtXvWU6/qaVilV732hzvKtb0oDdn+OcBs29qutU3fP9Su3IjL qILWxjl+Z5gBpOUUdDz/ERT3i2zqzMurXuPqVWwXg28W1ZDx+r3pJd</latexit><latexit sha1_base64="f8f/M9KMa1iQrEwrN6EJOH8k3K4=">AAACy3icjVHLSsNAFD2Nr1 pfVZdugkVwVRIRdFl0oRuhgn1ALWWSTmswLyYToVaX/oBb/S/xD/QvvDNOQS2iE5KcOfecO3Pv9dIwyKTjvBasmdm5+YXiYmlpeWV1rby+0cySXPi84SdhItoey3gYxLwhAxnydio4i7yQt7zrY xVv3XCRBUl8IUcp70ZsGAeDwGeSqPblCYsi1pO9csWpOnrZ08A1oAKz6kn5BZfoI4GPHBE4YkjCIRgyejpw4SAlrosxcYJQoOMc9yiRNycVJwUj9pq+Q9p1DBvTXuXMtNunU0J6BTlt7JAnIZ0g rE6zdTzXmRX7W+6xzqnuNqK/Z3JFxEpcEfuXb6L8r0/VIjHAoa4hoJpSzajqfJMl111RN7e/VCUpQ0qcwn2KC8K+dk76bGtPpmtXvWU6/qaVilV732hzvKtb0oDdn+OcBs29qutU3fP9Su3IjL qILWxjl+Z5gBpOUUdDz/ERT3i2zqzMurXuPqVWwXg28W1ZDx+r3pJd</latexit><latexit sha1_base64="f8f/M9KMa1iQrEwrN6EJOH8k3K4=">AAACy3icjVHLSsNAFD2Nr1 pfVZdugkVwVRIRdFl0oRuhgn1ALWWSTmswLyYToVaX/oBb/S/xD/QvvDNOQS2iE5KcOfecO3Pv9dIwyKTjvBasmdm5+YXiYmlpeWV1rby+0cySXPi84SdhItoey3gYxLwhAxnydio4i7yQt7zrY xVv3XCRBUl8IUcp70ZsGAeDwGeSqPblCYsi1pO9csWpOnrZ08A1oAKz6kn5BZfoI4GPHBE4YkjCIRgyejpw4SAlrosxcYJQoOMc9yiRNycVJwUj9pq+Q9p1DBvTXuXMtNunU0J6BTlt7JAnIZ0g rE6zdTzXmRX7W+6xzqnuNqK/Z3JFxEpcEfuXb6L8r0/VIjHAoa4hoJpSzajqfJMl111RN7e/VCUpQ0qcwn2KC8K+dk76bGtPpmtXvWU6/qaVilV732hzvKtb0oDdn+OcBs29qutU3fP9Su3IjL qILWxjl+Z5gBpOUUdDz/ERT3i2zqzMurXuPqVWwXg28W1ZDx+r3pJd</latexit><latexit sha1_base64="f8f/M9KMa1iQrEwrN6EJOH8k3K4=">AAACy3icjVHLSsNAFD2Nr1 pfVZdugkVwVRIRdFl0oRuhgn1ALWWSTmswLyYToVaX/oBb/S/xD/QvvDNOQS2iE5KcOfecO3Pv9dIwyKTjvBasmdm5+YXiYmlpeWV1rby+0cySXPi84SdhItoey3gYxLwhAxnydio4i7yQt7zrY xVv3XCRBUl8IUcp70ZsGAeDwGeSqPblCYsi1pO9csWpOnrZ08A1oAKz6kn5BZfoI4GPHBE4YkjCIRgyejpw4SAlrosxcYJQoOMc9yiRNycVJwUj9pq+Q9p1DBvTXuXMtNunU0J6BTlt7JAnIZ0g rE6zdTzXmRX7W+6xzqnuNqK/Z3JFxEpcEfuXb6L8r0/VIjHAoa4hoJpSzajqfJMl111RN7e/VCUpQ0qcwn2KC8K+dk76bGtPpmtXvWU6/qaVilV732hzvKtb0oDdn+OcBs29qutU3fP9Su3IjL qILWxjl+Z5gBpOUUdDz/ERT3i2zqzMurXuPqVWwXg28W1ZDx+r3pJd</latexit>
(x, kF,1)
<latexit sha1_base64="xaOCHiC1PuAFxFCgQSCHk+2HBFs=">AAACz3icjVHLSsN AFD2Nr1pfVZdugkWoUEoigq6kIIjLFuwD2lKSdFpD82IyUUupuPUH3OpfiX+gf+GdMQVFik5Icubcc87MnbEjz42FYbxltIXFpeWV7GpubX1jcyu/vdOIw4Q7rO6EXshbthUz zw1YXbjCY62IM8u3Pda0R+ey3rxhPHbD4EqMI9b1rWHgDlzHEkR1inclfdSbXJTM6WEvXzDLhhq68QvMSgWkoxrmX9FBHyEcJPDBEEAQ9mAhpqcNEwYi4rqYEMcJuarOMEWOv AmpGCksYkf0HdKsnbIBzWVmrNwOreLRy8mp44A8Iek4YbmaruqJSpbsvOyJypR7G9PfTrN8YgWuif3LN1P+1yd7ERjgVPXgUk+RYmR3TpqSqFORO9e/dSUoISJO4j7VOWFHOW fnrCtPrHqXZ2up+rtSSlbOnVSb4EPu8vsFzweNo7JplM3acaFyll51FnvYR5Hu8wQVXKKKOmVHeMIzXrSadqvdaw9fUi2TenbxY2iPn0Q2kuo=</latexit><latexit sha1_base64="xaOCHiC1PuAFxFCgQSCHk+2HBFs=">AAACz3icjVHLSsN AFD2Nr1pfVZdugkWoUEoigq6kIIjLFuwD2lKSdFpD82IyUUupuPUH3OpfiX+gf+GdMQVFik5Icubcc87MnbEjz42FYbxltIXFpeWV7GpubX1jcyu/vdOIw4Q7rO6EXshbthUz zw1YXbjCY62IM8u3Pda0R+ey3rxhPHbD4EqMI9b1rWHgDlzHEkR1inclfdSbXJTM6WEvXzDLhhq68QvMSgWkoxrmX9FBHyEcJPDBEEAQ9mAhpqcNEwYi4rqYEMcJuarOMEWOv AmpGCksYkf0HdKsnbIBzWVmrNwOreLRy8mp44A8Iek4YbmaruqJSpbsvOyJypR7G9PfTrN8YgWuif3LN1P+1yd7ERjgVPXgUk+RYmR3TpqSqFORO9e/dSUoISJO4j7VOWFHOW fnrCtPrHqXZ2up+rtSSlbOnVSb4EPu8vsFzweNo7JplM3acaFyll51FnvYR5Hu8wQVXKKKOmVHeMIzXrSadqvdaw9fUi2TenbxY2iPn0Q2kuo=</latexit><latexit sha1_base64="xaOCHiC1PuAFxFCgQSCHk+2HBFs=">AAACz3icjVHLSsN AFD2Nr1pfVZdugkWoUEoigq6kIIjLFuwD2lKSdFpD82IyUUupuPUH3OpfiX+gf+GdMQVFik5Icubcc87MnbEjz42FYbxltIXFpeWV7GpubX1jcyu/vdOIw4Q7rO6EXshbthUz zw1YXbjCY62IM8u3Pda0R+ey3rxhPHbD4EqMI9b1rWHgDlzHEkR1inclfdSbXJTM6WEvXzDLhhq68QvMSgWkoxrmX9FBHyEcJPDBEEAQ9mAhpqcNEwYi4rqYEMcJuarOMEWOv AmpGCksYkf0HdKsnbIBzWVmrNwOreLRy8mp44A8Iek4YbmaruqJSpbsvOyJypR7G9PfTrN8YgWuif3LN1P+1yd7ERjgVPXgUk+RYmR3TpqSqFORO9e/dSUoISJO4j7VOWFHOW fnrCtPrHqXZ2up+rtSSlbOnVSb4EPu8vsFzweNo7JplM3acaFyll51FnvYR5Hu8wQVXKKKOmVHeMIzXrSadqvdaw9fUi2TenbxY2iPn0Q2kuo=</latexit><latexit sha1_base64="xaOCHiC1PuAFxFCgQSCHk+2HBFs=">AAACz3icjVHLSsN AFD2Nr1pfVZdugkWoUEoigq6kIIjLFuwD2lKSdFpD82IyUUupuPUH3OpfiX+gf+GdMQVFik5Icubcc87MnbEjz42FYbxltIXFpeWV7GpubX1jcyu/vdOIw4Q7rO6EXshbthUz zw1YXbjCY62IM8u3Pda0R+ey3rxhPHbD4EqMI9b1rWHgDlzHEkR1inclfdSbXJTM6WEvXzDLhhq68QvMSgWkoxrmX9FBHyEcJPDBEEAQ9mAhpqcNEwYi4rqYEMcJuarOMEWOv AmpGCksYkf0HdKsnbIBzWVmrNwOreLRy8mp44A8Iek4YbmaruqJSpbsvOyJypR7G9PfTrN8YgWuif3LN1P+1yd7ERjgVPXgUk+RYmR3TpqSqFORO9e/dSUoISJO4j7VOWFHOW fnrCtPrHqXZ2up+rtSSlbOnVSb4EPu8vsFzweNo7JplM3acaFyll51FnvYR5Hu8wQVXKKKOmVHeMIzXrSadqvdaw9fUi2TenbxY2iPn0Q2kuo=</latexit>
(x, kF,2)
<latexit sha1_base64="oprBOcBu7MTeEI1HxU+MCTctO/A=">AAACz3icjVHLSsN AFD2Nr1pfVZdugkWoUEpaBF1JQRCXLdgHtKUk6bSG5sVkopZScesPuNW/Ev9A/8I7YwoVKTohyZlzzzkzd8YKXScShvGe0paWV1bX0uuZjc2t7Z3s7l4jCmJus7oduAFvWWbE XMdndeEIl7VCzkzPclnTGl3IevOW8cgJ/GsxDlnXM4e+M3BsUxDVyd8X9FFvclkoT4972VypaKihG7/ArJRDMqpB9g0d9BHARgwPDD4EYRcmInraKMFASFwXE+I4IUfVGabIk DcmFSOFSeyIvkOatRPWp7nMjJTbplVcejk5dRyRJyAdJyxX01U9VsmSXZQ9UZlyb2P6W0mWR6zADbF/+WbK//pkLwIDnKkeHOopVIzszk5SYnUqcuf6XFeCEkLiJO5TnRO2lX N2zrryRKp3ebamqn8opWTl3E60MT7lLucveDFolIslo1iqneQq58lVp3GAQ+TpPk9RwRWqqFN2iGe84FWraXfag/b4LdVSiWcfP4b29AVGmJLr</latexit><latexit sha1_base64="oprBOcBu7MTeEI1HxU+MCTctO/A=">AAACz3icjVHLSsN AFD2Nr1pfVZdugkWoUEpaBF1JQRCXLdgHtKUk6bSG5sVkopZScesPuNW/Ev9A/8I7YwoVKTohyZlzzzkzd8YKXScShvGe0paWV1bX0uuZjc2t7Z3s7l4jCmJus7oduAFvWWbE XMdndeEIl7VCzkzPclnTGl3IevOW8cgJ/GsxDlnXM4e+M3BsUxDVyd8X9FFvclkoT4972VypaKihG7/ArJRDMqpB9g0d9BHARgwPDD4EYRcmInraKMFASFwXE+I4IUfVGabIk DcmFSOFSeyIvkOatRPWp7nMjJTbplVcejk5dRyRJyAdJyxX01U9VsmSXZQ9UZlyb2P6W0mWR6zADbF/+WbK//pkLwIDnKkeHOopVIzszk5SYnUqcuf6XFeCEkLiJO5TnRO2lX N2zrryRKp3ebamqn8opWTl3E60MT7lLucveDFolIslo1iqneQq58lVp3GAQ+TpPk9RwRWqqFN2iGe84FWraXfag/b4LdVSiWcfP4b29AVGmJLr</latexit><latexit sha1_base64="oprBOcBu7MTeEI1HxU+MCTctO/A=">AAACz3icjVHLSsN AFD2Nr1pfVZdugkWoUEpaBF1JQRCXLdgHtKUk6bSG5sVkopZScesPuNW/Ev9A/8I7YwoVKTohyZlzzzkzd8YKXScShvGe0paWV1bX0uuZjc2t7Z3s7l4jCmJus7oduAFvWWbE XMdndeEIl7VCzkzPclnTGl3IevOW8cgJ/GsxDlnXM4e+M3BsUxDVyd8X9FFvclkoT4972VypaKihG7/ArJRDMqpB9g0d9BHARgwPDD4EYRcmInraKMFASFwXE+I4IUfVGabIk DcmFSOFSeyIvkOatRPWp7nMjJTbplVcejk5dRyRJyAdJyxX01U9VsmSXZQ9UZlyb2P6W0mWR6zADbF/+WbK//pkLwIDnKkeHOopVIzszk5SYnUqcuf6XFeCEkLiJO5TnRO2lX N2zrryRKp3ebamqn8opWTl3E60MT7lLucveDFolIslo1iqneQq58lVp3GAQ+TpPk9RwRWqqFN2iGe84FWraXfag/b4LdVSiWcfP4b29AVGmJLr</latexit><latexit sha1_base64="oprBOcBu7MTeEI1HxU+MCTctO/A=">AAACz3icjVHLSsN AFD2Nr1pfVZdugkWoUEpaBF1JQRCXLdgHtKUk6bSG5sVkopZScesPuNW/Ev9A/8I7YwoVKTohyZlzzzkzd8YKXScShvGe0paWV1bX0uuZjc2t7Z3s7l4jCmJus7oduAFvWWbE XMdndeEIl7VCzkzPclnTGl3IevOW8cgJ/GsxDlnXM4e+M3BsUxDVyd8X9FFvclkoT4972VypaKihG7/ArJRDMqpB9g0d9BHARgwPDD4EYRcmInraKMFASFwXE+I4IUfVGabIk DcmFSOFSeyIvkOatRPWp7nMjJTbplVcejk5dRyRJyAdJyxX01U9VsmSXZQ9UZlyb2P6W0mWR6zADbF/+WbK//pkLwIDnKkeHOopVIzszk5SYnUqcuf6XFeCEkLiJO5TnRO2lX N2zrryRKp3ebamqn8opWTl3E60MT7lLucveDFolIslo1iqneQq58lVp3GAQ+TpPk9RwRWqqFN2iGe84FWraXfag/b4LdVSiWcfP4b29AVGmJLr</latexit>
(x, kF,3)
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Figure 1: The curve Γt encircling the points (x, k) at which the Wigner function n(x, k, t) is
equal to one. Panel (a): the simple situation considered in this paper, where at any given
position x there are only two Fermi points on the contour Γ, labeled as kF±. Panel (b): the
general situation with more than two Fermi points, not considered in this paper.
(see Fig. 1). Eq. (10) is then an evolution equation for the Fermi points which takes the form
of a Burgers equation [37],
~∂tkF,j(x, t) +
~2kF,j(x, t)
m
∂xkF,j(x, t) = −∂xV (x, t). (12)
Importantly, in this paper we will always be dealing with situations in which the number of
position dependent Fermi points is at most two, as illustrated in Fig. 1(a). A situation like
the one in Fig. 1(b) will never occur. Situations with more than two Fermi points are also
very interesting [17,69–71], but are deferred to a subsequent paper.
When there are at most two Fermi points kF,1(x, t) and kF,2(x, t) at each position x—we
label them as kF−(x, t) and kF+(x, t) in that case—, the gas in the small cell [x, x + dx] is
locally in a macrostate which is nothing but the ground state of the homogeneous gas up to a
Galilean boost. This simple situation is then captured by the standard Euler hydrodynamic
equations for the gas. The latter are expressed in terms of the local density and local velocity
(defined as the particle current j divided by the density ρ),
ρ(x, t) =
∫
dk
2pi
n(x, k, t) =
kF−(x, t)− kF+(x, t)
2pi
, (13)
u(x, t) =
j(x, t)
ρ(x, t)
=
1
ρ(x, t)
∫
dk
2pi
n(x, k, t)
~k
m
=
~
m
kF−(x, t) + kF+(x, t)
2
,
and are obtained straightforwardly from Eq. (12),{
∂tρ+ ∂x(ρu) = 0
∂tu+ u∂xu = − 1mρ∂xP − 1m∂xV.
(14)
The first equation is the continuity equation for ρ which expresses conservation of mass. The
second equation is the Euler equation, with a pressure given by P (ρ) = pi
2~2ρ3
3m , which is
specific to hard core bosons in 1d at zero temperature.
We stress that the reduction to standard hydrodynamics is not specific to the free model we
are considering: in fact, it has been shown [17] that for zero-entropy states GHD is equivalent
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to standard hydrodynamics as long as the number of Fermi points is two (i.e. before the
appearance of shocks in the solution of the hydrodynamic equations (14)). In our case, this
means that, for finite repulsion strength in the bosonic model (1), we would still get a system
of the form (14), but with the appropriate pressure, i.e. the pressure of the Lieb-Liniger model
at zero temperature.
We also stress that in the initial state, u = 0, so the classical hydrodynamic equations (14)
simplify to a hydrostatic equation: 1mρ∂xP = − 1m∂xV . Using thermodynamic relations, this
equation can be rewritten as ∂x[µ+ V (x)] = 0. This is solved by tuning locally the chemical
potential, µ → µ(x) = µ − V (x), so it is equivalent to the Local Density Approximation
(LDA).
At this point, we have reached an entirely classical description of the gas in terms of stan-
dard hydrodynamic equations (14). In that description, the “quantumness” resides exclusively
in the equation of state—i.e. in the formula for the pressure—.
In particular, at this level of description, the connected parts of all correlation functions
at equal time —but different positions xi 6= xj in Eq. (6)— vanish, because by construction
all the fluid cells are independent. There are no correlations at equal time in classical hydro-
dynamics. Our goal is to learn how to reintroduce quantumness in that description, in order
to reconstruct such quantum correlations.
2.3 Quantum fluctuations around the classical hydrodynamic solution
In order to re-quantize the problem, we start by writing an action for the density ρ(x, t) and
the associated current j(x, t) = ρ(x, t)u(x, t),
S =
∫
dxdt
[
m
j2
2ρ
− ε(ρ)− ρV
]
(15)
where ε(ρ) = pi
2~2ρ3
6m is the ground state energy density, and where the two functions ρ(x, t)
and j(x, t) are constrained by the continuity equation ∂tρ+ ∂xj = 0. Let us check that, with
that additional constraint, the action (15) is compatible with the Euler equation —the second
equation in (14)—. One way to do that is to represent fluctuations around a given classical
configuration (ρ(x, t), j(x, t)) which satisfies the continuity equation by a height field h(x, t),
δρ(x, t) =
1
2pi
∂xh(x, t), δj(x, t) = − 1
2pi
∂th(x, t), (16)
such that (ρ+ δρ, j + δj) also satisfies the continuity equation. Then it is easy to check that
the Euler-Lagrange equation for the height field h yields the Euler equation. Indeed, varying
the action to the first order in δρ, δj gives (substituting (16) and integrating by parts)
δS(1st order) =
∫
dxdt
[
m
jδj
ρ
−m j
2
2ρ2
δρ− δρ∂ρε− δρV
]
=
m
2pi
∫
dxdt
[
∂t
(
j
ρ
)
+
1
m
∂x
(
j2
2ρ2
)
+ ∂x(∂ρε+ V )
]
h.
The expression inside the bracket must vanish; using u = j/ρ and the thermodynamic relation
∂x(∂ρε) =
1
ρ∂xP , this gives precisely the second equation in (14). So a classical configuration
for the action (15) is indeed a solution of the classical hydrodynamic equations (14), as
required.
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Around such a classical configuration, one can then expand to second order to get
S[h] ≡ δS(2nd order)
=
1
8pi
∫
dxdt
[
m
piρ
(∂th)
2 + 2
mj
piρ2
(∂xh)(∂th) + (
mj2
piρ3
− 1
pi
∂2ρε)(∂xh)
2
]
. (17)
This gives an action for the quantum fluctuations around the classical hydrodynamic solution.
Of course, there are also higher order terms, but these higher order terms are RG irrelevant in
two spacetime dimensions, and we will omit them. Quantum fluctuations are thus captured
by a quadratic action, a fact that is very well known from Luttinger liquid theory [72,73].
2.4 CFT in emergent curved spacetime
The next step is to rewrite the quadratic action (17) in a more friendly form,
S[h] = ~
8pi
∫
gab(∂ah)(∂bh)
√
−det g d2x, (18)
with coordinates x0 = t and x1 = x, and where gab are the components of the inverse of the
2× 2 matrix
g =
(
mj2
pi~ρ3 − 1pi~∂2ρε − mjpi~ρ2
− mj
pi~ρ2
m
pi~ρ
)
that we want to interpret as a metric tensor. [Notice that, to arrive at Eq. (18), we use the
explicit form of the internal energy ε(ρ) = pi
2~2ρ3
6m . This result is then specific to the hard
core limit of 1d bosons, which map to free fermions. In contrast, when dealing with truly
interacting 1d liquids, one would end up with a quadratic action of a slightly more general
form than (18), with a position-dependent coupling constant, see Refs. [46,48] for full details.]
The action (18) is invariant under diffeomorphisms, and also under Weyl transformations of
the metric gab → e2σgab. The metric can thus be rescaled and be put in the form
g → pi~ρ
m
g =
(
u2 − v2F −u
−u 1
)
,
where vF (x, t) =
pi~
m ρ(x, t) is the Fermi velocity, so that
ds2 = gabdx
adxb = −vF (x, t)2dt2 + (dx− u(x, t)dt)2. (19)
Written in this way, the emergent spacetime metric (19) —fixed by the classical hydrodynamic
background ρ(x, t), u(x, t)— possesses a clear interpretation. The gas consists of local fluid
cells, which locally look like the ground state of the translation invariant Tonks-Girardeau
gas, up to a Galilean boost. The velocity of sound waves, or of gapless excitations around
the ground state at density ρ, is the Fermi velocity vF =
pi~
m ρ. In the ground state the metric
that would encode the propagation of those excitations would be ds2 = −v2Fdt2 + dx2. But
here the local macrostate of the gas is boosted, in order for the fluid to have a local mean
velocity u 6= 0. Thus, locally, the sound waves are also boosted by the hydrodynamic velocity
u, resulting in Eq. (19). Another way to say this is that such gapless excitations propagate
along the null geodesics of the metric (19), and those satisfy the simple equation ddtx(t) =
u(x(t), t)± vF (x(t), t), where the ± sign corresponds to left or right moving trajectories.
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What is important now is that we are in a CFT, so all local observables O(x, t) can be
decomposed into left (+) and right (−) moving components, of the form O+ ⊗ O− or as
linear combinations thereof. Each chiral component just follows its own null geodesics, and,
following these, every operator can be traced back to its original position at time t = 0. In
particular, focusing on observables of the form O = O+ ⊗ O−, correlation functions can be
rewritten as
〈O1(x1, t1)O2(x1, t1) . . . Op(xp, tp)〉
∝ 〈O1+(x0+(x1, t1), 0)O1−(x0−(x1, t1), 0) . . . Op+(x0+(xp, tp), 0)Op−(x0−(xp, tp), 0)〉 , (20)
up to some Jacobian factors and where x0±(xi, ti) is the position at initial time of the (right/left)
null geodesics passing through xi at time ti. Note that in flat space x
0±(xi, ti) would simply
be xi∓ ti, while here we have something more complicated because spacetime is curved. This
is simplified by using isothermal coordinates, see below. Importantly, the r.h.s. of Eq. (20) is
a correlation function in the initial state, so it is a correlation function at equilibrium.
2.5 Correlations in the initial state
Correlation functions in the initial state were studied in Refs. [1, 39, 40, 46], where the same
trick of incorporating most effects of the inhomogeneity into the metric of the CFT was used.
To get correlation functions at equilibrium in the ground state of the trapped gas, one works
with a metric with Euclidean signature, ds2 = dx2 + v2F (x)dβ
2, where β is now imaginary
time, and vF (x) =
pi~
m ρ0(x) is the local Fermi velocity in the ground state. Moreover, there
always exist isothermal coordinates such that the metric takes the form ds2 = e2σ0(dξ2 +dβ2).
Then a Weyl transformation (gabe
2σ0 → gab) brings the above metric back to the flat one,
ds2 = dξ2 + dβ2. Under that Weyl transformation, primary fields transform as O → e−σ0∆O,
where ∆ is the conformal dimension of O. Therefore the (equilibrium) correlator in the r.h.s.
of Eq. (20) becomes (
p∏
a=1
e∆pσ0
)
〈O1(ξ1, 0)O2(ξ2, 0) . . . Op(ξp, 0)〉flat , (21)
where ∆p is the scaling dimension of Op and the correlation function is evaluated in the flat
metric.
2.6 Isothermal coordinates
The procedure we just described is simplified by using isothermal coordinates for our ermegent
2d spacetime. In these coordinates the metric is of the form
d2s = e2σ(−dτ2 + dξ2), (22)
with a conformal factor e2σ given by the Jacobian of the transformation (x, t) 7→ (ξ, τ). In
particular, in these coordinates, doing the backward evolution is trivial (Fig. 2). For the
particular case studied in this paper —the breathing Tonks-Girardeau gas— the explicit
coordinate system (ξ, τ) will be given in Sec. 3. Then Eq. (20) becomes
〈O1(x1, t1)O2(x1, t1) . . . Op(xp, tp)〉
=
(
p∏
a=1
e∆pσ(xp,tp)
)
〈O1(ξ1, τ1)O2(ξ2, τ2) . . . Op(ξp, τp)〉flat (23)
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and, in these coordinates, the dynamics is trivial :
〈O1(ξ1, τ1)O2(ξ2, τ2) . . . Op(ξp, τp)〉flat
= 〈O1+(ξ1 + τ1)O1−(ξ1 − τ1) . . . Op+(ξp + τp)Op−(ξp − τp)〉flat . (24)
Here each chiral component is just a function of one of the null coordinates ξ± = (ξ ± τ).
Notice that, contrary to Eq. (20), there is no multiplication by Jacobian factors in Eq. (24),
because the Jacobians of the transformation (ξ, τ) 7→ (ξ − τ, ξ + τ) are trivial.
Again, we stress that the correlator in the r.h.s. of (24) is an equilibrium one. Moreover,
it is further simplified by the fact that right and left moving components are related in a
simple way at the edges of the system, as we now explain.
x
t
ξ
τ
(x, t) 7→ (ξ, τ)
Figure 2: (Left) Spacetime trajectory of a gapless excitation on top of the breathing gas —
drawn for the particular case ω(t) = ω0 if t ≤ 0 and ω(t) = ω1 if t > 0 here—. (Right) In
isothermal coordinates (ξ, τ), the trajectory is simply given by ξ± τ = const. Since we have a
conformal boundary condition at the left and right edges, the excitations are simply reflected
at the boundaries. This allows to easily trace back observables at position x at time t to their
original position at t = 0.
2.7 Reflection against boundaries and “chiralization” of the CFT
At the edges of the cloud, when 1/N ∼ ~→ 0, the density vanishes. In this section we argue
that, in such limit, from the point of view of the CFT that describes low-energy fluctuations
around the classical solution, the edges of the cloud become particularly simple: they are
simply encoded as a Dirichlet boundary condition at the left and right edges xL(t) and xR(t),
h(xL(t), t) = h(xR(t), t) = 0. (25)
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This follows directly from the definition of the height field (16): since the velocity of the right
interface is x˙R(t) = u(xR(t), t) = j(xR(t), t)/ρ(xR(t), t), one gets
1
2pi
d
dt
h(xR(t), t) = uR(t)
1
2pi
∂xh(xR(t), t) +
1
2pi
∂th(xR(t), t)
= uR(t)ρ(x, t)− j(xR(t), t)
= 0.
Thus h(xR(t), t) is a constant; the same conclusion holds for h(xL(t), t). To see that the two
constants for the left and right edges are equal, one uses the definition (16) and the fact that
the total number of particles N is a constant, so the fluctuations of the density δρ vanish
when they are integrated over the whole system:
h(xR(t), t)− h(xL(t), t) = 2pi
∫ xR(t)
xL(t)
dx δρ(x, t)
= 0.
Thus we have h(xL(t), t) = h(xR(t), t) = const., and the value of the constant can be chosen
arbitrarily; we chose to fix it to zero. We then arrive at the boundary condition (25) as
claimed.
At this point the reader might be worried by the fact that the variation of the density is
not small at the edge, so the hydrodynamic description might perhaps break down there. We
stress that this is not the case. At least, not for our purposes. The hydrodynamic description
remains valid arbitrarily close to the edge in the limit 1/N ∼ ~ → 0 because separation of
scales, which is the key assumption underlying the hydrodynamic approach, holds up to a
distance δ ∼ (µm3ω20)−1/6~2/3 from the boundary. [This is because at a small distance  from
the edge, the density goes as
√
/~, so the typical length of density variation is ∼ (∂ρ/ρ)−1 ∼ 
and the interparticle distance scales as ∼ ~/√; separation of scales ~/√   holds as long
as  is large compared to ~2/3.] Thus, at finite 1/N ∼ ~, hydrodynamics is valid everywhere
except in a small region of width δ near the edge, and the width of that region goes quickly
to zero in the limit 1/N ∼ ~ → 0. So we do not have to worry about it, at least not at the
larger scales in which we are interested when we look at correlation functions (6).
Now let us come back to the Dirichlet boundary condition (25) and its implications. Since
this is a conformal boundary condition, the low-energy excitations are simply reflected against
the edge. Left moving operators and right moving ones are just the analytic continuations of
one another, as usual in boundary CFT [74]. It is easier to explain this in coordinates (ξ, τ).
We will see below that the coordinate system (ξ, τ) can be chosen such that the left and
right boundary are at ξ = −pi and ξ = 0. Then it is convenient to think of the height
field as being a sum of right- and left-moving components h(ξ, τ) = ϕ−(ξ − τ) + ϕ+(ξ + τ),
where both components are constrained by the boundary condition (25). The constraint is
implemented by imagining that one has a single right-moving chiral boson ϕ(ξ−τ) on a circle
of circumference 2pi, ϕ(ξ − τ) = ϕ(ξ − τ + 2pi), and that
h(ξ, τ) = ϕ(ξ − τ)− ϕ(−ξ − τ). (26)
Thus h automatically vanishes at ξ = −pi and ξ = 0 (mod 2pi).
This representation in terms of a single chiral boson is very useful because it allows to
trace observables at time t back to the ones at time 0 in a straightforward way. Indeed, right-
moving components of observables O−(ξ − τ) will be expressible in terms of ϕ(ξ − τ) only, in
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some form which we write generically as O−[ϕ(ξ − τ)]. Similarly, the left-moving component
O+(ξ − τ) will be expressible as O+[ϕ(−ξ − τ)]. Then the correlation function (24) becomes
a correlator that involves the chiral boson ϕ at different points on the circle R/(2piZ), i.e.,
〈O1(ξ1, τ1)O2(ξ2, τ2) . . . Op(ξp, τp)〉
= 〈O1+[ϕ(−ξ1 − τ1)]O1−[ϕ(ξ1 − τ1)] . . . Op+[ϕ(ξp + τp)]Op−[ϕ(ξp − τp)]〉 . (27)
The propagator of the chiral boson ϕ(ξ) with ξ ∈ R/2piZ in the r.h.s. of Eq. (27) is the one
on an infinitely long cylinder (adding the imaginary time direction) with Euclidean metric:
〈ϕ(ξ1)ϕ(ξ2)〉 = − log
[
2 sin
ξ1 − ξ2
2
]
. (28)
Then all correlation functions of the form (27) can be evaluated by using Wick’s theorem.
2.8 Summary
t = 0k
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evolve
<latexit sha1_base64="wj2lvSgCA+FOdr+EsO8SpdBlcAQ=">AAAC0HicjVHLSsNAF D2Nr1pfVZdugkVwVRIRdCUFNy6r2Ae0RZJ0Wofm5WRSLKWIW3/ArX6V+Af6F94ZU1CL6IQkZ86958zce93Y54m0rNecMTe/sLiUXy6srK6tbxQ3t+pJlAqP1bzIj0TTdRLm85DVJ Jc+a8aCOYHrs4Y7OFXxxpCJhEfhpRzFrBM4/ZD3uOdIojrjtghMNoz8ITMnV8WSVbb0MmeBnYESslWNii9oo4sIHlIEYAghCftwkNDTgg0LMXEdjIkThLiOM0xQIG1KWYwyHGIH9O 3TrpWxIe2VZ6LVHp3i0ytIaWKPNBHlCcLqNFPHU+2s2N+8x9pT3W1EfzfzCoiVuCb2L9008786VYtED8e6Bk41xZpR1XmZS6q7om5ufqlKkkNMnMJdigvCnlZO+2xqTaJrV711dP xNZypW7b0sN8W7uiUN2P45zllQPyjbVtk+PyxVTrJR57GDXezTPI9QwRmqqJH3DR7xhGfjwrg17oz7z1Qjl2m28W0ZDx8bXpR9</latexit><latexit sha1_base64="wj2lvSgCA+FOdr+EsO8SpdBlcAQ=">AAAC0HicjVHLSsNAF D2Nr1pfVZdugkVwVRIRdCUFNy6r2Ae0RZJ0Wofm5WRSLKWIW3/ArX6V+Af6F94ZU1CL6IQkZ86958zce93Y54m0rNecMTe/sLiUXy6srK6tbxQ3t+pJlAqP1bzIj0TTdRLm85DVJ Jc+a8aCOYHrs4Y7OFXxxpCJhEfhpRzFrBM4/ZD3uOdIojrjtghMNoz8ITMnV8WSVbb0MmeBnYESslWNii9oo4sIHlIEYAghCftwkNDTgg0LMXEdjIkThLiOM0xQIG1KWYwyHGIH9O 3TrpWxIe2VZ6LVHp3i0ytIaWKPNBHlCcLqNFPHU+2s2N+8x9pT3W1EfzfzCoiVuCb2L9008786VYtED8e6Bk41xZpR1XmZS6q7om5ufqlKkkNMnMJdigvCnlZO+2xqTaJrV711dP xNZypW7b0sN8W7uiUN2P45zllQPyjbVtk+PyxVTrJR57GDXezTPI9QwRmqqJH3DR7xhGfjwrg17oz7z1Qjl2m28W0ZDx8bXpR9</latexit><latexit sha1_base64="wj2lvSgCA+FOdr+EsO8SpdBlcAQ=">AAAC0HicjVHLSsNAF D2Nr1pfVZdugkVwVRIRdCUFNy6r2Ae0RZJ0Wofm5WRSLKWIW3/ArX6V+Af6F94ZU1CL6IQkZ86958zce93Y54m0rNecMTe/sLiUXy6srK6tbxQ3t+pJlAqP1bzIj0TTdRLm85DVJ Jc+a8aCOYHrs4Y7OFXxxpCJhEfhpRzFrBM4/ZD3uOdIojrjtghMNoz8ITMnV8WSVbb0MmeBnYESslWNii9oo4sIHlIEYAghCftwkNDTgg0LMXEdjIkThLiOM0xQIG1KWYwyHGIH9O 3TrpWxIe2VZ6LVHp3i0ytIaWKPNBHlCcLqNFPHU+2s2N+8x9pT3W1EfzfzCoiVuCb2L9008786VYtED8e6Bk41xZpR1XmZS6q7om5ufqlKkkNMnMJdigvCnlZO+2xqTaJrV711dP xNZypW7b0sN8W7uiUN2P45zllQPyjbVtk+PyxVTrJR57GDXezTPI9QwRmqqJH3DR7xhGfjwrg17oz7z1Qjl2m28W0ZDx8bXpR9</latexit><latexit sha1_base64="wj2lvSgCA+FOdr+EsO8SpdBlcAQ=">AAAC0HicjVHLSsNAF D2Nr1pfVZdugkVwVRIRdCUFNy6r2Ae0RZJ0Wofm5WRSLKWIW3/ArX6V+Af6F94ZU1CL6IQkZ86958zce93Y54m0rNecMTe/sLiUXy6srK6tbxQ3t+pJlAqP1bzIj0TTdRLm85DVJ Jc+a8aCOYHrs4Y7OFXxxpCJhEfhpRzFrBM4/ZD3uOdIojrjtghMNoz8ITMnV8WSVbb0MmeBnYESslWNii9oo4sIHlIEYAghCftwkNDTgg0LMXEdjIkThLiOM0xQIG1KWYwyHGIH9O 3TrpWxIe2VZ6LVHp3i0ytIaWKPNBHlCcLqNFPHU+2s2N+8x9pT3W1EfzfzCoiVuCb2L9008786VYtED8e6Bk41xZpR1XmZS6q7om5ufqlKkkNMnMJdigvCnlZO+2xqTaJrV711dP xNZypW7b0sN8W7uiUN2P45zllQPyjbVtk+PyxVTrJR57GDXezTPI9QwRmqqJH3DR7xhGfjwrg17oz7z1Qjl2m28W0ZDx8bXpR9</latexit>
backwards
<latexit sha1_base64="MSIc10i6BwN/OAwPDGtTyxF2HfQ=">AAAC1HicjVHLSsNAF D3GV3226tJNsAiuSiKCrqTgxmUF+wAtMpmOOjQvJhOl1K7ErT/gVr9J/AP9C++MEdQiOiHJmXPPuTP33iANZaY972XCmZyanpktzc0vLC4tlysrq60syRUXTZ6EieoELBOhjEVTS x2KTqoEi4JQtIP+gYm3r4TKZBIf60EquhG7iOW55EwTdVYpD09V5AaM96+Z6mWjs0rVq3l2uePAL0AVxWoklWecoocEHDkiCMTQhEMwZPScwIeHlLguhsQpQtLGBUaYJ29OKkEKRm yfvhe0OynYmPYmZ2bdnE4J6VXkdLFJnoR0irA5zbXx3GY27G+5hzanuduA/kGRKyJW45LYv3yfyv/6TC0a59izNUiqKbWMqY4XWXLbFXNz90tVmjKkxBnco7gizK3zs8+u9WS2dt NbZuOvVmlYs+eFNsebuSUN2P85znHQ2q75Xs0/2qnW94tRl7CODWzRPHdRxyEaaNqZP+ART07LuXFunbsPqTNReNbwbTn372YNlcM=</latexit><latexit sha1_base64="MSIc10i6BwN/OAwPDGtTyxF2HfQ=">AAAC1HicjVHLSsNAF D3GV3226tJNsAiuSiKCrqTgxmUF+wAtMpmOOjQvJhOl1K7ErT/gVr9J/AP9C++MEdQiOiHJmXPPuTP33iANZaY972XCmZyanpktzc0vLC4tlysrq60syRUXTZ6EieoELBOhjEVTS x2KTqoEi4JQtIP+gYm3r4TKZBIf60EquhG7iOW55EwTdVYpD09V5AaM96+Z6mWjs0rVq3l2uePAL0AVxWoklWecoocEHDkiCMTQhEMwZPScwIeHlLguhsQpQtLGBUaYJ29OKkEKRm yfvhe0OynYmPYmZ2bdnE4J6VXkdLFJnoR0irA5zbXx3GY27G+5hzanuduA/kGRKyJW45LYv3yfyv/6TC0a59izNUiqKbWMqY4XWXLbFXNz90tVmjKkxBnco7gizK3zs8+u9WS2dt NbZuOvVmlYs+eFNsebuSUN2P85znHQ2q75Xs0/2qnW94tRl7CODWzRPHdRxyEaaNqZP+ART07LuXFunbsPqTNReNbwbTn372YNlcM=</latexit><latexit sha1_base64="MSIc10i6BwN/OAwPDGtTyxF2HfQ=">AAAC1HicjVHLSsNAF D3GV3226tJNsAiuSiKCrqTgxmUF+wAtMpmOOjQvJhOl1K7ErT/gVr9J/AP9C++MEdQiOiHJmXPPuTP33iANZaY972XCmZyanpktzc0vLC4tlysrq60syRUXTZ6EieoELBOhjEVTS x2KTqoEi4JQtIP+gYm3r4TKZBIf60EquhG7iOW55EwTdVYpD09V5AaM96+Z6mWjs0rVq3l2uePAL0AVxWoklWecoocEHDkiCMTQhEMwZPScwIeHlLguhsQpQtLGBUaYJ29OKkEKRm yfvhe0OynYmPYmZ2bdnE4J6VXkdLFJnoR0irA5zbXx3GY27G+5hzanuduA/kGRKyJW45LYv3yfyv/6TC0a59izNUiqKbWMqY4XWXLbFXNz90tVmjKkxBnco7gizK3zs8+u9WS2dt NbZuOvVmlYs+eFNsebuSUN2P85znHQ2q75Xs0/2qnW94tRl7CODWzRPHdRxyEaaNqZP+ART07LuXFunbsPqTNReNbwbTn372YNlcM=</latexit><latexit sha1_base64="MSIc10i6BwN/OAwPDGtTyxF2HfQ=">AAAC1HicjVHLSsNAF D3GV3226tJNsAiuSiKCrqTgxmUF+wAtMpmOOjQvJhOl1K7ErT/gVr9J/AP9C++MEdQiOiHJmXPPuTP33iANZaY972XCmZyanpktzc0vLC4tlysrq60syRUXTZ6EieoELBOhjEVTS x2KTqoEi4JQtIP+gYm3r4TKZBIf60EquhG7iOW55EwTdVYpD09V5AaM96+Z6mWjs0rVq3l2uePAL0AVxWoklWecoocEHDkiCMTQhEMwZPScwIeHlLguhsQpQtLGBUaYJ29OKkEKRm yfvhe0OynYmPYmZ2bdnE4J6VXkdLFJnoR0irA5zbXx3GY27G+5hzanuduA/kGRKyJW45LYv3yfyv/6TC0a59izNUiqKbWMqY4XWXLbFXNz90tVmjKkxBnco7gizK3zs8+u9WS2dt NbZuOvVmlYs+eFNsebuSUN2P85znHQ2q75Xs0/2qnW94tRl7CODWzRPHdRxyEaaNqZP+ART07LuXFunbsPqTNReNbwbTn372YNlcM=</latexit>
x1
<latexit sha1_base64="/ebiYrrs45x1W xD7fK9VwGjJK70=">AAACxnicjVHLSsNAFD2Nr1pfVZdugkVwVRIRdCUFN11WtA+opST TaR2aF5OJD4rgD7jVTxP/QP/CO2MKFSk6IcmZc885M3fGTwKRKsd5L1gLi0vLK8XV0tr 6xuZWeXunlcaZZLzJ4iCWHd9LeSAi3lRCBbyTSO6FfsDb/vhc19u3XKYijq7UQ8J7oTe KxFAwTxF1ed93++WKW3XMsJ1fYFqqIB+NuPyGawwQgyFDCI4IinAADyk9XbhwkBDXw4Q4 SUiYOscjSuTNSMVJ4RE7pu+IZt2cjWiuM1PjZrRKQK8kp40D8sSkk4T1arapZyZZs/Oy JyZT7+2B/n6eFRKrcEPsX76p8r8+3YvCEKemB0E9JYbR3bE8JTOnonduz3SlKCEhTuMB 1SVhZpzTc7aNJzW967P1TP3DKDWr5yzXZvjUu5y94PmgdVR1nap7cVypneVXXcQe9nFI9 3mCGupooEnZIzzjBa9W3YqszLr7llqF3LOLH8N6+gIPM5Ae</latexit><latexit sha1_base64="/ebiYrrs45x1W xD7fK9VwGjJK70=">AAACxnicjVHLSsNAFD2Nr1pfVZdugkVwVRIRdCUFN11WtA+opST TaR2aF5OJD4rgD7jVTxP/QP/CO2MKFSk6IcmZc885M3fGTwKRKsd5L1gLi0vLK8XV0tr 6xuZWeXunlcaZZLzJ4iCWHd9LeSAi3lRCBbyTSO6FfsDb/vhc19u3XKYijq7UQ8J7oTe KxFAwTxF1ed93++WKW3XMsJ1fYFqqIB+NuPyGawwQgyFDCI4IinAADyk9XbhwkBDXw4Q4 SUiYOscjSuTNSMVJ4RE7pu+IZt2cjWiuM1PjZrRKQK8kp40D8sSkk4T1arapZyZZs/Oy JyZT7+2B/n6eFRKrcEPsX76p8r8+3YvCEKemB0E9JYbR3bE8JTOnonduz3SlKCEhTuMB 1SVhZpzTc7aNJzW967P1TP3DKDWr5yzXZvjUu5y94PmgdVR1nap7cVypneVXXcQe9nFI9 3mCGupooEnZIzzjBa9W3YqszLr7llqF3LOLH8N6+gIPM5Ae</latexit><latexit sha1_base64="/ebiYrrs45x1W xD7fK9VwGjJK70=">AAACxnicjVHLSsNAFD2Nr1pfVZdugkVwVRIRdCUFN11WtA+opST TaR2aF5OJD4rgD7jVTxP/QP/CO2MKFSk6IcmZc885M3fGTwKRKsd5L1gLi0vLK8XV0tr 6xuZWeXunlcaZZLzJ4iCWHd9LeSAi3lRCBbyTSO6FfsDb/vhc19u3XKYijq7UQ8J7oTe KxFAwTxF1ed93++WKW3XMsJ1fYFqqIB+NuPyGawwQgyFDCI4IinAADyk9XbhwkBDXw4Q4 SUiYOscjSuTNSMVJ4RE7pu+IZt2cjWiuM1PjZrRKQK8kp40D8sSkk4T1arapZyZZs/Oy JyZT7+2B/n6eFRKrcEPsX76p8r8+3YvCEKemB0E9JYbR3bE8JTOnonduz3SlKCEhTuMB 1SVhZpzTc7aNJzW967P1TP3DKDWr5yzXZvjUu5y94PmgdVR1nap7cVypneVXXcQe9nFI9 3mCGupooEnZIzzjBa9W3YqszLr7llqF3LOLH8N6+gIPM5Ae</latexit><latexit sha1_base64="/ebiYrrs45x1W xD7fK9VwGjJK70=">AAACxnicjVHLSsNAFD2Nr1pfVZdugkVwVRIRdCUFN11WtA+opST TaR2aF5OJD4rgD7jVTxP/QP/CO2MKFSk6IcmZc885M3fGTwKRKsd5L1gLi0vLK8XV0tr 6xuZWeXunlcaZZLzJ4iCWHd9LeSAi3lRCBbyTSO6FfsDb/vhc19u3XKYijq7UQ8J7oTe KxFAwTxF1ed93++WKW3XMsJ1fYFqqIB+NuPyGawwQgyFDCI4IinAADyk9XbhwkBDXw4Q4 SUiYOscjSuTNSMVJ4RE7pu+IZt2cjWiuM1PjZrRKQK8kp40D8sSkk4T1arapZyZZs/Oy JyZT7+2B/n6eFRKrcEPsX76p8r8+3YvCEKemB0E9JYbR3bE8JTOnonduz3SlKCEhTuMB 1SVhZpzTc7aNJzW967P1TP3DKDWr5yzXZvjUu5y94PmgdVR1nap7cVypneVXXcQe9nFI9 3mCGupooEnZIzzjBa9W3YqszLr7llqF3LOLH8N6+gIPM5Ae</latexit>
x2
<latexit sha1_base64="0ehnMR5+pn7Wd Kk+4k6RgcRHxls=">AAACxnicjVHLSsNAFD2Nr1pfVZdugkVwVZIi6EoKbrqsaB9QS0m m0zo0TcJkopYi+ANu9dPEP9C/8M6YQkWKTkhy5txzzsyd8eNAJMpx3nPW0vLK6lp+vbC xubW9U9zdayZRKhlvsCiIZNv3Eh6IkDeUUAFvx5J7Yz/gLX90oeutOy4TEYXXahLz7tg bhmIgmKeIunroVXrFklt2zLCdX2BWKiEb9aj4hhv0EYEhxRgcIRThAB4Sejpw4SAmrosp cZKQMHWORxTIm5KKk8IjdkTfIc06GRvSXGcmxs1olYBeSU4bR+SJSCcJ69VsU09NsmYX ZU9Npt7bhP5+ljUmVuGW2L98M+V/fboXhQHOTA+CeooNo7tjWUpqTkXv3J7rSlFCTJzG fapLwsw4Z+dsG09ietdn65n6h1FqVs9Zpk3xqXc5f8GLQbNSdp2ye3lSqp5nV53HAQ5xT Pd5iipqqKNB2UM84wWvVs0KrdS6/5Zaucyzjx/DevoCEZOQHw==</latexit><latexit sha1_base64="0ehnMR5+pn7Wd Kk+4k6RgcRHxls=">AAACxnicjVHLSsNAFD2Nr1pfVZdugkVwVZIi6EoKbrqsaB9QS0m m0zo0TcJkopYi+ANu9dPEP9C/8M6YQkWKTkhy5txzzsyd8eNAJMpx3nPW0vLK6lp+vbC xubW9U9zdayZRKhlvsCiIZNv3Eh6IkDeUUAFvx5J7Yz/gLX90oeutOy4TEYXXahLz7tg bhmIgmKeIunroVXrFklt2zLCdX2BWKiEb9aj4hhv0EYEhxRgcIRThAB4Sejpw4SAmrosp cZKQMHWORxTIm5KKk8IjdkTfIc06GRvSXGcmxs1olYBeSU4bR+SJSCcJ69VsU09NsmYX ZU9Npt7bhP5+ljUmVuGW2L98M+V/fboXhQHOTA+CeooNo7tjWUpqTkXv3J7rSlFCTJzG fapLwsw4Z+dsG09ietdn65n6h1FqVs9Zpk3xqXc5f8GLQbNSdp2ye3lSqp5nV53HAQ5xT Pd5iipqqKNB2UM84wWvVs0KrdS6/5Zaucyzjx/DevoCEZOQHw==</latexit><latexit sha1_base64="0ehnMR5+pn7Wd Kk+4k6RgcRHxls=">AAACxnicjVHLSsNAFD2Nr1pfVZdugkVwVZIi6EoKbrqsaB9QS0m m0zo0TcJkopYi+ANu9dPEP9C/8M6YQkWKTkhy5txzzsyd8eNAJMpx3nPW0vLK6lp+vbC xubW9U9zdayZRKhlvsCiIZNv3Eh6IkDeUUAFvx5J7Yz/gLX90oeutOy4TEYXXahLz7tg bhmIgmKeIunroVXrFklt2zLCdX2BWKiEb9aj4hhv0EYEhxRgcIRThAB4Sejpw4SAmrosp cZKQMHWORxTIm5KKk8IjdkTfIc06GRvSXGcmxs1olYBeSU4bR+SJSCcJ69VsU09NsmYX ZU9Npt7bhP5+ljUmVuGW2L98M+V/fboXhQHOTA+CeooNo7tjWUpqTkXv3J7rSlFCTJzG fapLwsw4Z+dsG09ietdn65n6h1FqVs9Zpk3xqXc5f8GLQbNSdp2ye3lSqp5nV53HAQ5xT Pd5iipqqKNB2UM84wWvVs0KrdS6/5Zaucyzjx/DevoCEZOQHw==</latexit><latexit sha1_base64="0ehnMR5+pn7Wd Kk+4k6RgcRHxls=">AAACxnicjVHLSsNAFD2Nr1pfVZdugkVwVZIi6EoKbrqsaB9QS0m m0zo0TcJkopYi+ANu9dPEP9C/8M6YQkWKTkhy5txzzsyd8eNAJMpx3nPW0vLK6lp+vbC xubW9U9zdayZRKhlvsCiIZNv3Eh6IkDeUUAFvx5J7Yz/gLX90oeutOy4TEYXXahLz7tg bhmIgmKeIunroVXrFklt2zLCdX2BWKiEb9aj4hhv0EYEhxRgcIRThAB4Sejpw4SAmrosp cZKQMHWORxTIm5KKk8IjdkTfIc06GRvSXGcmxs1olYBeSU4bR+SJSCcJ69VsU09NsmYX ZU9Npt7bhP5+ljUmVuGW2L98M+V/fboXhQHOTA+CeooNo7tjWUpqTkXv3J7rSlFCTJzG fapLwsw4Z+dsG09ietdn65n6h1FqVs9Zpk3xqXc5f8GLQbNSdp2ye3lSqp5nV53HAQ5xT Pd5iipqqKNB2UM84wWvVs0KrdS6/5Zaucyzjx/DevoCEZOQHw==</latexit>
2+
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Figure 3: Summary of the approach taken in this paper. To calculate the correla-
tion function 〈O1(x1, t)O2(x2, t)〉 at time t, we start by writing it in terms of chiral op-
erators 〈O1+O1−O2+O2−〉 that generate low-energy excitations around the Fermi points
(x1, kF−(x1, t)), (x1, kF+(x1, t)), (x2, kF−(x2, t)), (x2, kF+(x2, t)). Then we trace the Fermi
points back to their original positions in phase space. The problem boils down to calculating
a correlation function of observables along the initial Fermi contour Γ0.
In the end, we have reached the following simple framework to compute a correlation
function of the form (6). First of all, since we are in CFT, every operatorOi can be decomposed
in chiral components acting on low-energy fluctuations around the Fermi points (xi, kF±(xi, t))
for i = 1, · · · , p. Those Fermi points are identified in phase space as the intersections of the
vertical line passing through xj and the Fermi contour Γt, see Figs. 1 and 3. Then we “play
the movie backwards” in phase space, i.e. we trace the Fermi points back to their original
positions in phase space. Actually, the whole contour Γt can be traced back to its initial
configuration Γ0 and the problem boils down to calculating a correlation function of chiral
observables along the contour Γ0 at time t = 0.
The general procedure, however, can be simplified if one is able to find a set of isothermal
coordinates (ξ, τ) (Eq. (22)) and, in this case, the recipe to perform the calculation is as
follows. For each (xj , tj) one first needs to identify the corresponding (ξj , τj). By performing
the associated Weyl transformation, we are left with the same correlator but in the usual CFT
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in flat spacetime (Eq. (23)). Then one simply traces each chiral component of the observable
sitting at (ξj , τj) back to its initial position at time zero, i.e., (ξj,±, 0), with ξj,+ = ξj − τj and
ξj,− = ξj + τj for right and left movers respectively (Eq. (24)), ending up with the problem of
computing a correlation function of (chiral) observables at equilbrium. Because of the simple
Dirichlet boundary condition that we found at the edges of the system, left and right movers
are simply reflected against the boundaries, and correlation functions can be expressed in
terms of a single chiral bosonic field ϕ living on a circle of circumference 2pi (Eq. (27)).
All those steps lead to a simple formula in the end,
〈O1(x1, t1)O2(x1, t1) . . . Op(xp, tp)〉
=
(
p∏
a=1
e∆pσ
)
〈O1+[ϕ(−ξ1 − τ1)]O1−[ϕ(ξ1 − τ1)] . . . Op+[ϕ(ξp + τp)]Op−[ϕ(ξp − τp)]〉 , (29)
where the r.h.s. is understood as a correlator in the ground state of a CFT in Euclidean
spacetime and can be evaluated using only the propagator of the bosonic field ϕ (Eq. (28))
and Wick’s theorem.
3 Time-dependent harmonic trap: useful formulas
In this section we provide the explicit formulas that solve the classical hydrodynamic equations
(14) for the time-dependent harmonic trap, and give the corresponding isothermal coordinates
(ξ, τ) that allow to propagate correlation functions at arbitrary times back to the ones in the
initial state, see Eq. (24). This is greatly simplified by the existence of a “holographic” picture
for the time-dependent harmonic potential [62], which we briefly describe.
3.1 A simple “holographic” model: 2d picture of the 1d time-dependent
harmonic oscillator (after Ref. [62])
Consider a classical rigid pendulum of length `(t) attached to the origin in the two-dimensional
plane (x, y), and rotating freely around it. The position of the endpoint of the pendulum is
parametrized as {
x(t) = `(t) cos ξ(t)
y(t) = `(t) sin ξ(t),
(30)
where ξ(t) is defined modulo 2pi. At time t = 0, the length of the pendulum is `0 and its
angular velocity is ω0. The length `(t) varies, so the energy of the pendulum is not conserved,
but its angular momentum is. This implies
dξ(t)
dt
=
ω0
b(t)2
, (31)
where b(t) = `(t)/`0. Now, we imagine that for some reason we are unaware of the two-
dimensional nature of the problem, and that we have access only to the projection of the
motion along the x-direction. We observe the trajectory x(t), and what we see is precisely
the motion of a point-like particle in a time-dependent harmonic potential [62],
m
d2x
dt2
= −∂xV, where V (x, t) = 1
2
m
(
ω20
b(t)4
− b¨(t)
b(t)
)
x2. (32)
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Figure 4: (Left) trajectories x(t) of a classical pointlike particle in a harmonic trap with time-
dependent frequency (here plotted for the particular choice b(t) =
√
1 + (ω20/ω
2
1 − 1) sin2(ω1t)
corresponding to a sudden quench of the frequency ω0 → ω1 at t = 0). (Right) “Holographic”
picture [62]: the trajectories x(t) can be viewed as the projection of the 2d motion of a
pendulum rotating around the origin in the x− y-plane, thus making the conservation of 2d
angular momentum (31) obvious.
[This follows straightforwardly from plugging x = ` cos ξ into Newton’s equation, using con-
servation of angular momentum (31).] Thus, from now on, we assume that the function b(t)
is related to the time-dependent frequency of our trap (3) through the differential equation
b¨(t) + ω(t)2b(t) =
ω20
b(t)3
, (33)
known as the Ermakov equation [75,76], with the initial condition b(0) = 1 and b˙(0) = 0. [The
latter condition is imposed because in our problem we are assuming that we are initially at
rest in a trap with frequency ω0, so b˙(t) = 0 for t < 0, and b˙(t) must be continuous in order
to be a solution of (33).] From this higher-dimensional perspective, and assuming that the
function b(t) has been calculated for the given ω(t) defining our problem —see Ref. [76] for the
solution to Eq. (33)—, it is straightforward to calculate the trajectory of the classical point-
like particle in the time-dependent trap: it is simply given by x(t) = `0b(t) cos(ξ(0) + τ(t))
with
τ(t) ≡
∫ t
0
ω0 ds
b(s)2
. (34)
As we will see shortly, the trajectories (x(t), t) are nothing but the null geodesics of the metric
(19), and the coordinates (ξ, τ) are isothermal for that metric.
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3.2 Formulas and parametrizations
This 2d picture of the 1d time-dependent harmonic oscillator leads to simple explicit formulas
that are useful in the context of the formalism of Sec. 2. We start by writing the 1/N ∼ ~→ 0
limit of the Wigner function in the form (11). In the initial state, it is obtained by saying that
all points (x, k) in phase space are occupied iff their total energy E(x, k) = ~
2k2
2m − µ+
mω20x
2
2
is negative. Thus, the curve Γt=0 that encloses all these points is an ellipse. Then, at t > 0,
since the motion of each semi-classical particle is given by x(t) = b(t) cos(ξ(0) + τ(t)), its
phase space position is (x(t), k(t)) = (x(t), m~
dx(t)
dt ). Hence, the curve Γt of Eq. (11) is the
(rotated) ellipse
(x, k) ∈ Γt ⇔ b(t)
2(~k −mxb˙(t)/b(t))2
2m
− µ+ mω
2
0x
2
2b(t)2
= 0. (35)
Classical hydrodynamic solution. Using Eqs. (13) one gets the following solution to the
classical hydrodynamic equations (14),
ρ(x, t) =
1
b(t)
× mω0
pi~
√
2µ
mω20
− x
2
b(t)2
, u(x, t) = x
d log b(t)
dt
. (36)
This explicit solution is well known in the literature and is usually referred to as a scaling
solution [34–36, 77] since the density profile at time t is a simple rescaling of the one at time
zero.
Isothermal coordinates (ξ, τ). Next, we turn to the metric (19). By construction, the
null geodesics of that metric are the trajectories of low-energy excitations around the classical
solution (36), or in other words of points in phase space that lie along the Fermi contour
Γt. Thus the geodesics read simply x(t) = b(t) cos(ξ + τ), and we see, as anticipated by our
notations, that the coordinate system (ξ, τ) is indeed isothermal for the metric (19). To be
more precise, for each x ∈ [−b(t)
√
2µ
mω20
, b(t)
√
2µ
mω20
] there are two possible ξ (mod 2pi) such
that x/(b(t)
√
2µ
mω20
) = cos ξ. We write these two solutions asξ(x, t) ≡ − arccos
(
x
b(t)/
√
2µ
mω20
)
∈ [−pi, 0] (mod 2pi),
2pi − ξ(x, t) ∈ [0, pi] (mod 2pi).
(37)
Then as in Sec. 2, observables that are sensitive only to left moving excitations will involve
the chiral boson ϕ(ξ − τ) while the ones sensitive to right moving excitations will involve
ϕ(2pi − ξ − τ).
One can easily check that the metric (19) is given by ds2 = e2σ(x,t)(−dτ2 + dξ2) with
eσ(x,t) =
√
2µ
mω20
b(t)2 − x2. (38)
Phases. In the next sections we will be interested in correlation functions of observables
which create/annihilate particles, i.e. observables that possess a non-zero U(1) charge. Thus
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we will have to be careful about phases. One phase that will appear is the WKB phase at the
Fermi points kF−(x, t) and kF+(x, t). It is defined such that its differential is
dφWKB∓(x, t) = kF∓(x, t)dx − 1~
(
~2k2F∓(x, t)
2m
+ V (x, t)
)
dt. (39)
This has the following interpetation: if one imagines that one creates a free fermion at position
(x, k∓(x, t)) in phase space, then the single-particle wavefunction of that new fermion will
behave as exp(−i1~(
~2k2F∓
2m + V )δt + ikF∓δx) at small distance δx and small time δt; the
latter phase then also multiplies the many-body wavefunction. Notice that the existence of
a function φWKB∓ satisfying Eq. (39) is slightly non-trivial: one must check that the cross
derivatives are identical, and this turns out to be true because of the Burgers equation (12).
Integrating Eq. (39), one gets (with m = ω0 = µ = 1)
φWKB∓(x, t) =
−τ(t) + b˙(t)
b(t)
x2
2
±
 x
b(t)
√
2
√
1−
(
x
b(t)
√
2
)2
− arccos x
b(t)
√
2
N, (40)
up to an unimportant additive constant independent of x and t.
Another phase that will show up is the combination of φWKB− and φWKB+, corresponding
to a local Galilean boost, such that
∂xφ(x, t) =
m
~
u(x, t).
This is satisfied by
φ(x, t) ≡ 1
2
[φWKB−(x, t) + φWKB+(x, t)] =
(
−τ(t) + b˙(t)
b(t)
x2
2
)
N, (41)
because u = ~2m [kF− + kF+].
4 Boson correlation functions
We now apply the above formalism to calculate the 2n-point correlation function of boson
creation/annihilation operators,
gn((x1, t1), . . . , (xn, tn), (x
′
1, t
′
1), . . . , (x
′
n, t
′
n))
≡
〈
Ψ†(x1, t1) . . .Ψ†(xn, tn)Ψ(x′1, t
′
1) . . .Ψ(x
′
n, t
′
n)
〉
, (42)
always in the limit 1/N ∼ ~ → 0. To the best of our knowledge, such results cannot be
obtained by any other method. From the numerical side, there exist efficient algorithms to
compute the one-particle density matrix g1((x, t), (x
′, t′)) in the initial state (t = t′ = 0) based
on the lattice version of this problem [78, 79], which map to the continuum problem at low
fillings [80]; the extension to the dynamical situation (t, t′ 6= 0) after a generic evolution is
non trivial. Analytically, on the other hand, we are aware only of one result by Forrester
et al. [60] (see also Gangardt [81] and the related work [82] for the extension to the anyonic
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case) which gives the one-particle density matrix g1(x, x
′) in the initial state in the same limit
1/N ∼ ~ → 0. The formula we obtain below naturally coincides with this known result in
that particular case (see also Ref. [39] by two of us, where this is explained in great detail).
The methods of Refs. [60, 81], however, do not seem to be easily generalizable to arbitrary
times or to higher point correlations. The fact that the approach we take here leads to such
results in a relatively simple way is a clear demonstration of its power and efficiency.
In this section we set ω0 = µ = m = 1.
4.1 Identification of Ψ†, Ψ with CFT operators
In order to use the above formalism to calculate the correlation function (42), we need to
be able to express correlations of Ψ† and Ψ in the microscopic model —the inhomogeneous
Tonks-Girardeau gas— as correlators of properly identified operators in the CFT. This was
done in detail in Ref. [39], but we briefly recall the result for the convenience of the reader.
The guiding principle is that any local operator in the microscopic model can be expanded as
a sum of operators in the low-energy theory, and the latter sum can be organized in increasing
order of scaling dimension of the operators. The only restriction on terms in the sum is that
they should have the same symmetries as the microscopic model. For Ψ† and Ψ, the CFT
operators appearing in the expansion should carry a U(1) charge ±1, so the expansion should
start as [39]
Ψ†(x, t) ∝ : e− i2 (ϕ−(x,t)−ϕ+(x,t)) : + less relevant operators
Ψ(x, t) ∝ : e i2 (ϕ−(x,t)−ϕ+(x,t)) : + less relevant operators, (43)
where ϕ− and ϕ+ are the right- and left-moving parts of the height field h = ϕ− + ϕ+. As
we have seen in Sec. 2.7, the latter can also be written in terms of a single chiral boson
ϕ−(ξ − τ) = ϕ(ξ − τ) and ϕ+(ξ + τ) = −ϕ(2pi − ξ − τ).
In this paper we will keep only the leading order in Eq. (43), but in principle higher
order could be taken into account as well, giving rise to subleading corrections in the limit
1/N ∼ ~ → 0 [46]. Importantly, we need to fix the prefactor of that leading term in Eq.
(43). Since Ψ† is homogeneous to a length to the power −1/2, while the vertex operator
: e−
i
2
(ϕ−−ϕ+) : has scaling dimension 1/4, we see by dimensional analysis that the prefactor
must scale as ρ(x, t)1/4, because the inverse density ρ−1 is the only local length scale in the
problem. Additionally, because the operators carry a U(1) charge, they must be multiplied
by the U(1) phase identified in Eq. (41). This gives
Ψ†(x, t) = C ρ(x, t)
1
4 e−iφ(x,t) : e−
i
2
(ϕ−(x,t)−ϕ+(x,t)) :
Ψ(x, t) = C∗ ρ(x, t)
1
4 eiφ(x,t) : e
i
2
(ϕ−(x,t)−ϕ+(x,t)) :, (44)
where C is a complex dimensionless constant which depends neither on position nor on time.
Because of the global U(1) invariance, the phase of C is arbitrary and does not affect the
correlation function (42). The amplitude |C| can be fixed from exact results for the homoge-
neous Tonks-Girardeau gas based on the analysis of Toeplitz determinants [83–86], see also
the discussion in Ref. [39],
|C|2 = G
4(3/2)√
2pi
' 0.521409, (45)
where G(.) is Barnes’ G-function.
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4.2 The one-particle density matrix g1((x, t), (x
′, t′))
Now that the boson creation/annihilation operators are identified with CFT operators, the 2n-
point correlation function is straightforwardly computed by following the strategy of section
2. We shall start with the simplest case n = 1 and work out all the details.
Injecting the identification (44), we get
g1((x, t), (x
′, t′)) =
〈
Ψ†(x, t)Ψ(x′, t′)
〉
= |C|2
(
e−i(φ(x,t)−φ(x
′,t′))
) (
ρ(x, t)ρ(x′, t′)
) 1
4
×
〈
: e−
i
2
(ϕ−(x,t)−ϕ+(x,t)) : : e
i
2
(ϕ−(x′,t′)−ϕ+(x′,t′)) :
〉
. (46)
Next, as we have seen in section 2 the correlator can be evaluated in the initial state by tracing
back the isothermal coordinates to t = 0. This is done by using formula (27) which gives
g1((x, t), (x
′, t′)) = |C|2
(
e−i(φ(x,t)−φ(x
′,t′))
)(ρ(x, t)ρ(x′, t′)
eσ(x,t)eσ(x′,t′)
) 1
4
×
〈
: e−
i
2
(ϕ(ξ−τ)+ϕ(2pi−ξ−τ)) : : e
i
2
(ϕ(ξ′−τ ′)+ϕ(2pi−ξ′−τ ′)) :
〉
, (47)
where we have traded the right- and left-moving parts of the height field for the single chiral
boson ϕ(ξ) as explained in Sec. 2.7. Then, the 2-point correlator is equivalent to a 4-point
correlator that is easily computed using Wick’s theorem and the propagator of the chiral
boson (28), 〈
: e−
i
2
(ϕ(ξ−τ)+ϕ(2pi−ξ−τ)) : : e
i
2
(ϕ(ξ′−τ ′)+ϕ(2pi−ξ′−τ ′)) :
〉
=
〈
: e−
i
2
(ϕ(ξ−τ)) : : e−
i
2
(ϕ(2pi−ξ−τ)) : : e
i
2
(ϕ(ξ′−τ ′)) : : e
i
2
(ϕ(2pi−ξ′−τ ′)) :
〉
=
(
2 sin
ξ − τ + ξ + τ − 2pi
2
) 1
4
(
2 sin
ξ − τ − ξ′ + τ ′
2
)− 1
4
×
(
2 sin
ξ − τ + ξ′ + τ ′ − 2pi
2
)− 1
4
(
2 sin
2pi − ξ − τ − ξ′ + τ ′
2
)− 1
4
×
(
2 sin
−ξ − τ + ξ′ + τ ′
2
)− 1
4
(
2 sin
ξ′ − τ ′ − 2pi + ξ′ + τ ′
2
) 1
4
. (48)
Using e
σ(x,t)
ρ(x,t) = ~pib(t)
2 to simplify the scaling factors and Eq. (41) for the phases φ(x, t) and
φ(x′, t′), it gives
g1((x, t), (x
′, t′)) =
|C|2√
2pi~
e
−i
(
b˙(t)
b(t)
(x2−x′2)
2
− (τ−τ ′)
4
)
N√
b(t) b(t′)
× (sin ξ)
1
4(
sin (ξ−ξ
′)−(τ−τ ′)
2
) 1
4
(
sin (ξ−ξ
′)+(τ−τ ′)
2
) 1
4
× (sin ξ
′)
1
4(
sin (ξ+ξ
′)+(τ−τ ′)
2
) 1
4
(
sin (ξ+ξ
′)−(τ−τ ′)
2
) 1
4
, (49)
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Figure 5: Absolute value of the one-particle density matrix at equal times, |g1(x, 0; t)| (left)
and at different times, |g1((x, t), (0, 0))| (right), as a function of x and t. The parameters are
chosen as follows: ω0 = 1, ω1 = 0.5, N = 32.
The latter can be explictly written in terms of the physical coordinates (x, t) and (x′, t′) by
plugging the expressions for the the isothermal coordinates (37)ξ(x, t) ≡ 2pi − arccos
(
x
b(t)/
√
2µ
mω20
)
∈ [−pi, 0] (mod 2pi),
2pi − ξ(x, t) ∈ [0, pi] (mod 2pi),
and the density (36)
ρ(x, t) =
1
b(t)
× mω0
pi~
√
2µ
mω20
− x
2
b(t)2
.
Remarkably, the result at equal time t = t′ takes a nice and compact form,
g1(x, x
′; t) ≡ g1((x, t), (x′, t)) = |C|
2
√
2pi~
e
−i
(
b˙(t)
b(t)
(x2−x′2)
2
)
N
b(t)
(sin ξ)
1
4 (sin ξ′)
1
4(
sin (ξ−ξ
′)
2
) 1
2
(
sin (ξ+ξ
′)
2
) 1
2
= |C|2 e
−i
(
b˙(t)
b(t)
(x2−x′2)
2
)
N√
b(t)
ρ(x, t)
1
4 ρ(x′, t)
1
4∣∣∣x−x′b(t) ∣∣∣ 12 , (50)
where the correlator in the first line precisely coincides with the one derived by two of us
in [39]. In the second line, we see that the result obtained with our approach automatically
satisfies the same scaling relation as the one found by Minguzzi and Gangardt [34]. It is also
clear that at t = 0 (using b(0) = 1) we recover the result of Forrester et al. [60],
g1(x, x
′; 0) = |C|2 ρ(x, 0)
1
4 ρ(x′, 0)
1
4
|x− x′| 12
. (51)
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In Fig. 5, we plot g1((x, t), (x
′, t′)) for the particular case of a sudden quench of the
frequency: ω(t) = ω0 for t ≤ 0 and ω(t) = ω1 6= ω0 for t > 0. In that case the scaling factor
is b(t) =
√
1 +
(
ω20
ω21
− 1
)
sin2(ω1t). We were not able to compare this result to a numerical
evaluation of g1((x, t), (x
′, t′)) in finite size, because we are not aware of a method that would
allow to calculate that quantity at different times and for a large number of particles, even
approximately. In contrast, the fact that our approach gives directly a closed analytic formula
for the asymptotic behavior of that correlation function in the regime 1/N ∼ ~ → 0 shows
that it is quite powerful.
4.3 The general 2n-point function
The above derivation generalizes straightforwardly to the 2n-point case. Following the same
steps as for the one-particle density matrix, one finds
gn((x1, t1), . . . , (xn, tn), (x
′
1, t
′
1), . . . , (x
′
n, t
′
n))
= |C|2n
 n∏
j=1
e−i(φ(xj ,tj)−φ(x
′
j ,t
′
j))
( n∏
i=1
ρ(xi, ti)ρ(x
′
i, t
′
i)
eσ(xi,ti)eσ(x
′
i,t
′
i)
) 1
4
×
〈
n∏
p=1
: e−
i
2
(ϕ−(ξp−τp)−ϕ+(ξp+τp)) :
n∏
q=1
: e
i
2
(ϕ−(ξ′q−τ ′q)−ϕ+(ξ′q+τ ′q)) :
〉
flat
=
(
|C|2√
pi~
)n
e−i
∑
j(φ(xj ,tj)−φ(x′j ,t′j))√∏n
i=1 b(ti)b(t
′
i)
×
〈∏
p
: e−
i
2
ϕ(ξp−τp) :
∏
q
: e
i
2
ϕ(2pi−ξ′q−τ ′q) :
∏
r
: e−
i
2
ϕ(2pi−ξr−τr)) :
∏
s
: e
i
2
ϕ(ξ′s−τ ′s) :
〉
=
(
|C|2√
pi~
)n
e−i
∑
j(φ(xj ,tj)−φ(x′j ,t′j))√∏n
i=1 b(ti)b(t
′
i)
×
( ∏
p1<p2
2 sin
ξp1 − τp1 − ξp2 + τp2
2
) 1
4
( ∏
q1<q2
2 sin
−ξ′q1 − τ ′q1 + ξ′q2 + τ ′q2
2
) 1
4
×
( ∏
r1<r2
2 sin
−ξr1 − τr1 + ξr2 + τr2
2
) 1
4
( ∏
s1<s2
2 sin
ξ′s1 − τ ′s1 − ξ′s2 + τ ′s2
2
) 1
4
×
(∏
p,q
2 sin
ξp − τp + ξ′q + τ ′q − 2pi
2
)− 1
4
(∏
r,s
2 sin
2pi − ξr − τr − ξ′s + τ ′s
2
)− 1
4
×
(∏
p,r
2 sin
ξp − τp + ξr + τr − 2pi
2
) 1
4
(∏
q,s
2 sin
2pi − ξ′q − τ ′q − ξ′s + τ ′s
2
) 1
4
×
(∏
p,s
2 sin
ξp − τp − ξ′s + τ ′s
2
)− 1
4
(∏
q,r
2 sin
−ξ′q − τ ′q + ξr + τr
2
)− 1
4
. (52)
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We have used e
σ(x,t)
ρ(x,t) = ~pib(t)
2 to simplify the scaling factors, and Wick’s theorem and the
propagator of the chiral boson (28) to evaluate the correlator in the third line.
This is a rather complicated but fully explicit result. We stress that it is obtained relatively
easily with our approach, as it boils down to simple calculations in a free boson CFT. As
emphasized above, we do not know any other method that would allow to go that far in the
calculation of correlation function for the trapped Tonks-Girardeau gas.
The result (52) can be put in a nicer form if one takes all the points at equal time,
t1 = · · · = tn = t′1 = · · · = t′n = t. Indeed, after some algebra one arrives at the more compact
formula
gn(x1, . . . , xn, x
′
1, . . . , x
′
n; t)
=
(
|C|2√
b(t)
)n
e−i
∑
j(φ(xj ,t)−φ(x′j ,t))
∏
i
ρ(xi, t)
1
4
∏
j
ρ(x′j , t)
1
4
×
∏
p1<p2
∣∣∣xp1−xp2b(t) ∣∣∣ 12 ∏q1<q2 ∣∣∣x′q1−x′q2b(t) ∣∣∣ 12∏
p,q
∣∣∣xp−x′qb(t) ∣∣∣ 12 , (53)
which simplifies even further in the initial state with b(0) = 1,
gn(x1, . . . , xn, x
′
1, . . . , x
′
n; 0) = |C|2n
∏
i
ρ(xi, 0)
1
4
∏
j
ρ(x′j , 0)
1
4
×
∏
p1<p2
|xp1 − xp2 |
1
2
∏
q1<q2
∣∣x′q1 − x′q2∣∣ 12∏
p,q
∣∣xp − x′q∣∣ 12 . (54)
To the best of our knowledge, this formula is new and it generalizes the formula for n = 1
of Forrester et al. [60]. Also, one clearly sees that, in general, the 2n-point function at equal
time (53) satisfies the same scaling relation as the one found by Minguzzi and Gangardt in
the n = 1 case [34].
5 The fermion propagator: prediction for the large-N asymp-
totics and numerical check
To further illustrate the strategy outlined in section 2, we now compute the large-N asymp-
totics of the fermion propagator at different times,
c(x, t, x′, t′) ≡ 〈Ψ†F(x, t)ΨF(x′, t′)〉, (55)
where Ψ†F, ΨF is the fermion creation/annihilation operator related to the bosonic one by
Eq. (7). The final result for this propagator is given by formula (68) below. There are two
contributions. The leading one is due to fermion excitations lying deep inside the Fermi sea,
and is therefore beyond the approach sketched in section 2, strictly speaking. Nevertheless,
we are able to obtain that term by elementary means. Then, the next leading contribution
is due to low energy excitations and is the one in which we are truly interested, as it is the
one which we can get from our approach. To explain this, we start from the homogeneous,
translation-invariant case, where the two contributions are also present.
In this section we set µ = m = 1.
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5.1 Lessons from the infinite homogeneous case
We first look at the easier case of a free homogeneous Fermi gas on an infinite line. In that
case the fermion propagator is
c(x, t, 0, 0) =
∫ kF
−kF
dk
2pi
e−ikx+i~t
k2
2 , (56)
where kF is the Fermi momentum (in terms of the notations of section 3, we have kF− = kF
and kF+ = −kF ). Of course, the integral could be evaluated exactly in terms of some error
function. But instead, we are interested in evaluating its large x and t behavior by the
stationary phase approximation. The approximation is valid in the limit of large t and fixed
ratio x/t, and it holds everywhere except along the lightcone x/t = ±vF , where vF = ~kF .
There are two regimes to be considered: outside and inside the lightcone.
Outside the lightcone (|x| > vF t). The integrand in Eq. (56) does not have a stationary
point in the interval [−kF , kF ], therefore the main contribution to the integral in the stationary
phase approximation comes from the regions around the two Fermi points k ∼ ±kF ,
c(x, t, 0, 0) '
∫ kF
−∞
dk
2pi
e−ikF x+i~t
k2F
2
−i(k−kF )(x−vF t) +
∫ ∞
−kF
dk
2pi
eikF x+i~t
k2F
2
+i(k−kF )(x+vF t)
=
i
2pi
e−ikF x+i~t k2F2
(x− vF t) −
eikF x+i~t
k2F
2
(x+ vF t)
 . (57)
Inside the lightcone (|x| < vF t). There the phase of the integral (56) has a stationary
point inside the region of integration (the point ~k = x/t). Therefore the main contribution
comes from this stationary point, whereas the contributions from the endpoints of the interval
[−kF , kF ] give the next to leading correction. Explicitly, we have
c(x, t, 0, 0) '
∫ ∞
−∞
dk
2pi
e−i
x2
2~t+i~t
(k−x/t)2
2
+
∫ kF
−∞
dk
2pi
e−ikF x+i~t
k2F
2
−i(k−kF )(x−vF t) +
∫ ∞
−kF
dk
2pi
eikF x+i~t
k2F
2
+i(k−kF )(x+vF t)
= ei
pi
4
(
1
2pi~t
)1/2
e−i
x2
2~t +
i
2pi
e−ikF x+i~t k2F2
(x− vF t) −
eikF x+i~t
k2F
2
(x+ vF t)
 . (58)
The leading term is thus associated with an excitation deep inside the Fermi sea, corresponding
to a point inside the interval [−kF , kF ]. The other two terms, however, clearly originate from
the low-energy excitations around the Fermi points that are described by CFT.
We thus want to think of the fermion creation/annihilation operator as being a sum of
three terms: an operator d†/d exciting a state deep inside the Fermi sea, plus the right (−)
and left (+) components of a Dirac field, or equivalently in terms of the chiral bosons ϕ− and
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Figure 6: Wigner probability distribution for the homogeneous Fermi gas on an infinite line.
Panel (a): we remove a particle at time t = 0 (white slice). Panel (b) The slice corresponding
to the removed particle evolves. At time t we want to create a particle in x (yellow slice).
The probability of doing it it proportional to the area shared by these two slides (red area).
ϕ+, as vertex operators : e
−iϕ− : and : eiϕ+ :,
Ψ†F(x, t) = d
†(x, t) +
ei
pi
4√
2pi
e−ikF x+i
k2F
2
t : e−iϕ−(x−kF t) : − e
−ipi
4√
2pi
eikF x+i
k2F
2
t : eiϕ+(x+kF t) :
(59)
ΨF(x, t) = d(x, t) +
ei
pi
4√
2pi
eikF x−i
k2F
2
t : eiϕ−(x−kF t) : +
e−i
pi
4√
2pi
e−ikF x−i
k2F
2
t : e−iϕ+(x+kF t) :,
then the CFT terms in Eqs. (57)-(58) correspond to the two-point functions in the free boson
CFT on the infinite line,〈
: e−iϕ−(x−kF t) :: eiϕ−(0) :
〉
=
1
x− kF t ,
〈
: eiϕ+(x+kF t) :: e−iϕ+(0) :
〉
=
1
−x− kF t . (60)
The mixed terms involving ϕ− and ϕ+ are zero on the infinite line, because there are no
boundaries (there must be a boundary in order for left moving excitations to be reflected as
right moving ones, thus inducing correlations between left and right sectors of the CFT). The
term coming from the deeper excitation has the propagator〈
d†(x, t)d(0, 0)
〉
=
{
ei
pi
4
(
1
2pi~t
)1/2
e−i
x2
2~t inside the lightcone
0 outside the lightcone
, (61)
which has the following interpretation. The amplitude can be understood by looking at the
Wigner function, which in this case is simply n(x, k) = 1 if |k| < kF and 0 otherwise. d(0, 0)
destroys a particle at x = 0 and t = 0, corresponding in this language to removing a thin slice
around x = 0, while d†(x, t) creates a new one at position x and time t. This is possible only
inside the small area corresponding to the removed slice evolved up to time t (see the red area
in Figure 6). From the picture, one sees that such a probability decreases as 1/t and thus
the corresponding amplitude goes as 1/
√
t. The phase e−i
x2
2~t is nothing but the semiclassical
phase accumulated along the classical trajectory of the particle, namely
e−
i
~
∫ t
0 ds[
1
2
x˙2(s)−V (x(s))], (62)
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here with x(s) = s x/t and V (x) = 0.
We conclude from this analysis of the homogeneous case that, while the approach outlined
in section 2 is expected to give the correct 1/N ∼ ~→ 0 asymptotics for the fermion two-point
function at different times, we will need to be careful about the contribution of excitations deep
inside the Fermi sea, which is actually dominant. However the latter can be reconstructed
easily by identifying the area A(t) of a certain overlap in phase space (Figure 6), and the
semiclassical phase (62).
5.2 Fermion propagator in the time-dependent harmonic trap
Now let us come back to the breathing gas in the time-dependent harmonic trap. To the best
of our knowledge, exact results exist in the literature only for equal-time correlators [34,52–54].
Our method, instead, allows to obtain asymptotic results also at different times. Like in the
uniform case, we write the creation/annihilation operators in the microscopic model as a sum
of three field, the first one acting deep inside the Fermi sea, and the other two being fields
that excite low-energy excitations close to the Fermi points,
Ψ†F(x, t) = d
†(x, t) +
ei
pi
4√
2pi
e−iφWKB−(x,t) : e−iϕ−(ξ−τ) : − e
−ipi
4√
2pi
e−iφWKB+(x,t) : eiϕ+(ξ+τ) :
(63)
ΨF(x, t) = d(x, t) +
ei
pi
4√
2pi
eiφWKB−(x,t) : eiϕ−(ξ−τ) : +
e−i
pi
4√
2pi
eiφWKB+(x,t) : e−iϕ+(ξ+τ) : .
The phases of the different terms are chosen in order to locally match the ones in the homo-
geneous case for small |x − x′| and |t − t′|, see Eq. (59). The coordinate ξ(x, t) is given by
Eq. (37).
5.2.1 CFT contribution
We focus first on the contributions due to the vertex operators in (63), which is the one that
is given by the approach outlined in section 2. After evaluating the two-point functions of the
vertex operators, we arrive at
1
2pi
e−
1
2
σ(x,t)− 1
2
σ(x′,t′)
[
e−i[φWKB+(x,t)−φWKB+(x′,t′)]
2i sin (ξ−ξ
′)+(τ−τ ′)
2
− e
−i[φWKB−(x,t)−φWKB−(x′,t′)]
2i sin (ξ−ξ
′)−(τ+τ ′)
2
+
e−i[φWKB+(x,t)−φWKB−(x′,t′)]
2 sin (ξ+ξ
′)+(τ−τ ′)
2
+
e−i[φWKB−(x,t)−φWKB+(x′,t′)]
2 sin (ξ+ξ
′)−(τ+τ ′)
2
]
(64)
The conformal factor eσ(x,t) is defined in Eq. (38).
5.2.2 Contribution from deep inside the Fermi sea
Like in the homogeneous case, there is a contribution coming from excitations deep inside
the Fermi sea; we have learned that it consists of an amplitude which has a simple geometric
interpretation, and of the semiclassical phase (62). We focus first on the amplitude.
24
SciPost Physics Submission
t = 0(a) k/
p
!0
<latexit sha1_base64="lkwlUji1tOaqNFZefRtvVojuDEE=">AAAB+nicbVDLSsNAFJ3UV62vVJduBov gqiYi6MJFwY3LCvYBTQiT6aQdOo84M1FK7Ke4caGIW7/EnX/jtM1CWw9cOJxzL/feE6eMauN5305pZXVtfaO8Wdna3tndc6v7bS0zhUkLSyZVN0aaMCpIy1DDSDdVBPGYkU48up76nQeiNJXizoxTEnI0EDShGBkrRW51d Broe2XyQHIyQJE3idyaV/dmgMvEL0gNFGhG7lfQlzjjRBjMkNY930tNmCNlKGZkUgkyTVKER2hAepYKxIkO89npE3hslT5MpLIlDJypvydyxLUe89h2cmSGetGbiv95vcwkl2FORZoZIvB8UZIxaCSc5gD7VBFs2NgShB W1t0I8RAphY9Oq2BD8xZeXSfus7nt1//a81rgq4iiDQ3AEToAPLkAD3IAmaAEMHsEzeAVvzpPz4rw7H/PWklPMHIA/cD5/AEibk/s=</latexit><latexit sha1_base64="lkwlUji1tOaqNFZefRtvVojuDEE=">AAAB+nicbVDLSsNAFJ3UV62vVJduBov gqiYi6MJFwY3LCvYBTQiT6aQdOo84M1FK7Ke4caGIW7/EnX/jtM1CWw9cOJxzL/feE6eMauN5305pZXVtfaO8Wdna3tndc6v7bS0zhUkLSyZVN0aaMCpIy1DDSDdVBPGYkU48up76nQeiNJXizoxTEnI0EDShGBkrRW51d Broe2XyQHIyQJE3idyaV/dmgMvEL0gNFGhG7lfQlzjjRBjMkNY930tNmCNlKGZkUgkyTVKER2hAepYKxIkO89npE3hslT5MpLIlDJypvydyxLUe89h2cmSGetGbiv95vcwkl2FORZoZIvB8UZIxaCSc5gD7VBFs2NgShB W1t0I8RAphY9Oq2BD8xZeXSfus7nt1//a81rgq4iiDQ3AEToAPLkAD3IAmaAEMHsEzeAVvzpPz4rw7H/PWklPMHIA/cD5/AEibk/s=</latexit><latexit sha1_base64="lkwlUji1tOaqNFZefRtvVojuDEE=">AAAB+nicbVDLSsNAFJ3UV62vVJduBov gqiYi6MJFwY3LCvYBTQiT6aQdOo84M1FK7Ke4caGIW7/EnX/jtM1CWw9cOJxzL/feE6eMauN5305pZXVtfaO8Wdna3tndc6v7bS0zhUkLSyZVN0aaMCpIy1DDSDdVBPGYkU48up76nQeiNJXizoxTEnI0EDShGBkrRW51d Broe2XyQHIyQJE3idyaV/dmgMvEL0gNFGhG7lfQlzjjRBjMkNY930tNmCNlKGZkUgkyTVKER2hAepYKxIkO89npE3hslT5MpLIlDJypvydyxLUe89h2cmSGetGbiv95vcwkl2FORZoZIvB8UZIxaCSc5gD7VBFs2NgShB W1t0I8RAphY9Oq2BD8xZeXSfus7nt1//a81rgq4iiDQ3AEToAPLkAD3IAmaAEMHsEzeAVvzpPz4rw7H/PWklPMHIA/cD5/AEibk/s=</latexit><latexit sha1_base64="lkwlUji1tOaqNFZefRtvVojuDEE=">AAAB+nicbVDLSsNAFJ3UV62vVJduBov gqiYi6MJFwY3LCvYBTQiT6aQdOo84M1FK7Ke4caGIW7/EnX/jtM1CWw9cOJxzL/feE6eMauN5305pZXVtfaO8Wdna3tndc6v7bS0zhUkLSyZVN0aaMCpIy1DDSDdVBPGYkU48up76nQeiNJXizoxTEnI0EDShGBkrRW51d Broe2XyQHIyQJE3idyaV/dmgMvEL0gNFGhG7lfQlzjjRBjMkNY930tNmCNlKGZkUgkyTVKER2hAepYKxIkO89npE3hslT5MpLIlDJypvydyxLUe89h2cmSGetGbiv95vcwkl2FORZoZIvB8UZIxaCSc5gD7VBFs2NgShB W1t0I8RAphY9Oq2BD8xZeXSfus7nt1//a81rgq4iiDQ3AEToAPLkAD3IAmaAEMHsEzeAVvzpPz4rw7H/PWklPMHIA/cD5/AEibk/s=</latexit>
(b)t 6= 0k/p!0
<latexit sha1_base64= "lkwlUji1tOaqNFZefRtvVojuDEE=">AAAB+nicbVD LSsNAFJ3UV62vVJduBovgqiYi6MJFwY3LCvYBTQiT 6aQdOo84M1FK7Ke4caGIW7/EnX/jtM1CWw9cOJxzL /feE6eMauN5305pZXVtfaO8Wdna3tndc6v7bS0zhUk LSyZVN0aaMCpIy1DDSDdVBPGYkU48up76nQeiNJXi zoxTEnI0EDShGBkrRW51dBroe2XyQHIyQJE3idyaV /dmgMvEL0gNFGhG7lfQlzjjRBjMkNY930tNmCNlKGZ kUgkyTVKER2hAepYKxIkO89npE3hslT5MpLIlDJyp vydyxLUe89h2cmSGetGbiv95vcwkl2FORZoZIvB8UZ IxaCSc5gD7VBFs2NgShBW1t0I8RAphY9Oq2BD8xZe XSfus7nt1//a81rgq4iiDQ3AEToAPLkAD3IAmaAEM HsEzeAVvzpPz4rw7H/PWklPMHIA/cD5/AEibk/s=</ latexit><latexit sha1_base64= "lkwlUji1tOaqNFZefRtvVojuDEE=">AAAB+nicbVD LSsNAFJ3UV62vVJduBovgqiYi6MJFwY3LCvYBTQiT 6aQdOo84M1FK7Ke4caGIW7/EnX/jtM1CWw9cOJxzL /feE6eMauN5305pZXVtfaO8Wdna3tndc6v7bS0zhUk LSyZVN0aaMCpIy1DDSDdVBPGYkU48up76nQeiNJXi zoxTEnI0EDShGBkrRW51dBroe2XyQHIyQJE3idyaV /dmgMvEL0gNFGhG7lfQlzjjRBjMkNY930tNmCNlKGZ kUgkyTVKER2hAepYKxIkO89npE3hslT5MpLIlDJyp vydyxLUe89h2cmSGetGbiv95vcwkl2FORZoZIvB8UZ IxaCSc5gD7VBFs2NgShBW1t0I8RAphY9Oq2BD8xZe XSfus7nt1//a81rgq4iiDQ3AEToAPLkAD3IAmaAEM HsEzeAVvzpPz4rw7H/PWklPMHIA/cD5/AEibk/s=</ latexit><latexit sha1_base64= "lkwlUji1tOaqNFZefRtvVojuDEE=">AAAB+nicbVD LSsNAFJ3UV62vVJduBovgqiYi6MJFwY3LCvYBTQiT 6aQdOo84M1FK7Ke4caGIW7/EnX/jtM1CWw9cOJxzL /feE6eMauN5305pZXVtfaO8Wdna3tndc6v7bS0zhUk LSyZVN0aaMCpIy1DDSDdVBPGYkU48up76nQeiNJXi zoxTEnI0EDShGBkrRW51dBroe2XyQHIyQJE3idyaV /dmgMvEL0gNFGhG7lfQlzjjRBjMkNY930tNmCNlKGZ kUgkyTVKER2hAepYKxIkO89npE3hslT5MpLIlDJyp vydyxLUe89h2cmSGetGbiv95vcwkl2FORZoZIvB8UZ IxaCSc5gD7VBFs2NgShBW1t0I8RAphY9Oq2BD8xZe XSfus7nt1//a81rgq4iiDQ3AEToAPLkAD3IAmaAEM HsEzeAVvzpPz4rw7H/PWklPMHIA/cD5/AEibk/s=</ latexit><latexit sha1_base64= "lkwlUji1tOaqNFZefRtvVojuDEE=">AAAB+nicbVD LSsNAFJ3UV62vVJduBovgqiYi6MJFwY3LCvYBTQiT 6aQdOo84M1FK7Ke4caGIW7/EnX/jtM1CWw9cOJxzL /feE6eMauN5305pZXVtfaO8Wdna3tndc6v7bS0zhUk LSyZVN0aaMCpIy1DDSDdVBPGYkU48up76nQeiNJXi zoxTEnI0EDShGBkrRW51dBroe2XyQHIyQJE3idyaV /dmgMvEL0gNFGhG7lfQlzjjRBjMkNY930tNmCNlKGZ kUgkyTVKER2hAepYKxIkO89npE3hslT5MpLIlDJyp vydyxLUe89h2cmSGetGbiv95vcwkl2FORZoZIvB8UZ IxaCSc5gD7VBFs2NgShBW1t0I8RAphY9Oq2BD8xZe XSfus7nt1//a81rgq4iiDQ3AEToAPLkAD3IAmaAEM HsEzeAVvzpPz4rw7H/PWklPMHIA/cD5/AEibk/s=</ latexit>
(c)
<latexit sha1_base64="jMLG+9AiMMhabmOjrdKokDXe3xM=">AAAB6 nicbVBNS8NAEJ3Ur1q/qh69LBahXkoiBT0WvHisaD+gDWWz3bRLN5uwOxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkQKg6777RQ2Nre2d4q7pb 39g8Oj8vFJ28SpZrzFYhnrbkANl0LxFgqUvJtoTqNA8k4wuZ37nSeujYjVI04T7kd0pEQoGEUrPVTZ5aBccWvuAmSdeDmpQI7moPzVH8YsjbhCJqk xPc9N0M+oRsEkn5X6qeEJZRM64j1LFY248bPFqTNyYZUhCWNtSyFZqL8nMhoZM40C2xlRHJtVby7+5/VSDG/8TKgkRa7YclGYSoIxmf9NhkJzhnJq CWVa2FsJG1NNGdp0SjYEb/XlddK+qnluzbuvVxr1PI4inME5VMGDa2jAHTShBQxG8Ayv8OZI58V5dz6WrQUnnzmFP3A+fwCHf40+</latexit><latexit sha1_base64="jMLG+9AiMMhabmOjrdKokDXe3xM=">AAAB6 nicbVBNS8NAEJ3Ur1q/qh69LBahXkoiBT0WvHisaD+gDWWz3bRLN5uwOxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkQKg6777RQ2Nre2d4q7pb 39g8Oj8vFJ28SpZrzFYhnrbkANl0LxFgqUvJtoTqNA8k4wuZ37nSeujYjVI04T7kd0pEQoGEUrPVTZ5aBccWvuAmSdeDmpQI7moPzVH8YsjbhCJqk xPc9N0M+oRsEkn5X6qeEJZRM64j1LFY248bPFqTNyYZUhCWNtSyFZqL8nMhoZM40C2xlRHJtVby7+5/VSDG/8TKgkRa7YclGYSoIxmf9NhkJzhnJq CWVa2FsJG1NNGdp0SjYEb/XlddK+qnluzbuvVxr1PI4inME5VMGDa2jAHTShBQxG8Ayv8OZI58V5dz6WrQUnnzmFP3A+fwCHf40+</latexit><latexit sha1_base64="jMLG+9AiMMhabmOjrdKokDXe3xM=">AAAB6 nicbVBNS8NAEJ3Ur1q/qh69LBahXkoiBT0WvHisaD+gDWWz3bRLN5uwOxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkQKg6777RQ2Nre2d4q7pb 39g8Oj8vFJ28SpZrzFYhnrbkANl0LxFgqUvJtoTqNA8k4wuZ37nSeujYjVI04T7kd0pEQoGEUrPVTZ5aBccWvuAmSdeDmpQI7moPzVH8YsjbhCJqk xPc9N0M+oRsEkn5X6qeEJZRM64j1LFY248bPFqTNyYZUhCWNtSyFZqL8nMhoZM40C2xlRHJtVby7+5/VSDG/8TKgkRa7YclGYSoIxmf9NhkJzhnJq CWVa2FsJG1NNGdp0SjYEb/XlddK+qnluzbuvVxr1PI4inME5VMGDa2jAHTShBQxG8Ayv8OZI58V5dz6WrQUnnzmFP3A+fwCHf40+</latexit><latexit sha1_base64="jMLG+9AiMMhabmOjrdKokDXe3xM=">AAAB6 nicbVBNS8NAEJ3Ur1q/qh69LBahXkoiBT0WvHisaD+gDWWz3bRLN5uwOxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkQKg6777RQ2Nre2d4q7pb 39g8Oj8vFJ28SpZrzFYhnrbkANl0LxFgqUvJtoTqNA8k4wuZ37nSeujYjVI04T7kd0pEQoGEUrPVTZ5aBccWvuAmSdeDmpQI7moPzVH8YsjbhCJqk xPc9N0M+oRsEkn5X6qeEJZRM64j1LFY248bPFqTNyYZUhCWNtSyFZqL8nMhoZM40C2xlRHJtVby7+5/VSDG/8TKgkRa7YclGYSoIxmf9NhkJzhnJq CWVa2FsJG1NNGdp0SjYEb/XlddK+qnluzbuvVxr1PI4inME5VMGDa2jAHTShBQxG8Ayv8OZI58V5dz6WrQUnnzmFP3A+fwCHf40+</latexit>
x˜
p
!0
<latexit sha1_base64="/X6OPzRaqnjtiP/VyhE3AMkEk14=">AAACA nicbVDJSgNBEO2JW4zbqCfx0hgET2FGAnoMePEYwSyQCUNPTyVp0rPYXSOGIXjxV7x4UMSrX+HNv7GzHDTxQcHjvSqq6gWpFBod59sqrKyurW8UN0 tb2zu7e/b+QVMnmeLQ4IlMVDtgGqSIoYECJbRTBSwKJLSC4dXEb92D0iKJb3GUQjdi/Vj0BGdoJN8+8lDIEPKHMfX0ncLcSyLoM98Z+3bZqThT0GX izkmZzFH37S8vTHgWQYxcMq07rpNiN2cKBZcwLnmZhpTxIetDx9CYRaC7+fSFMT01Skh7iTIVI52qvydyFmk9igLTGTEc6EVvIv7ndTLsXXZzEacZ Qsxni3qZpJjQSR40FAo4ypEhjCthbqV8wBTjaFIrmRDcxZeXSfO84joV96ZarlXncRTJMTkhZ8QlF6RGrkmdNAgnj+SZvJI368l6sd6tj1lrwZrPH JI/sD5/ANiHl6c=</latexit><latexit sha1_base64="/X6OPzRaqnjtiP/VyhE3AMkEk14=">AAACA nicbVDJSgNBEO2JW4zbqCfx0hgET2FGAnoMePEYwSyQCUNPTyVp0rPYXSOGIXjxV7x4UMSrX+HNv7GzHDTxQcHjvSqq6gWpFBod59sqrKyurW8UN0 tb2zu7e/b+QVMnmeLQ4IlMVDtgGqSIoYECJbRTBSwKJLSC4dXEb92D0iKJb3GUQjdi/Vj0BGdoJN8+8lDIEPKHMfX0ncLcSyLoM98Z+3bZqThT0GX izkmZzFH37S8vTHgWQYxcMq07rpNiN2cKBZcwLnmZhpTxIetDx9CYRaC7+fSFMT01Skh7iTIVI52qvydyFmk9igLTGTEc6EVvIv7ndTLsXXZzEacZ Qsxni3qZpJjQSR40FAo4ypEhjCthbqV8wBTjaFIrmRDcxZeXSfO84joV96ZarlXncRTJMTkhZ8QlF6RGrkmdNAgnj+SZvJI368l6sd6tj1lrwZrPH JI/sD5/ANiHl6c=</latexit><latexit sha1_base64="/X6OPzRaqnjtiP/VyhE3AMkEk14=">AAACA nicbVDJSgNBEO2JW4zbqCfx0hgET2FGAnoMePEYwSyQCUNPTyVp0rPYXSOGIXjxV7x4UMSrX+HNv7GzHDTxQcHjvSqq6gWpFBod59sqrKyurW8UN0 tb2zu7e/b+QVMnmeLQ4IlMVDtgGqSIoYECJbRTBSwKJLSC4dXEb92D0iKJb3GUQjdi/Vj0BGdoJN8+8lDIEPKHMfX0ncLcSyLoM98Z+3bZqThT0GX izkmZzFH37S8vTHgWQYxcMq07rpNiN2cKBZcwLnmZhpTxIetDx9CYRaC7+fSFMT01Skh7iTIVI52qvydyFmk9igLTGTEc6EVvIv7ndTLsXXZzEacZ Qsxni3qZpJjQSR40FAo4ypEhjCthbqV8wBTjaFIrmRDcxZeXSfO84joV96ZarlXncRTJMTkhZ8QlF6RGrkmdNAgnj+SZvJI368l6sd6tj1lrwZrPH JI/sD5/ANiHl6c=</latexit><latexit sha1_base64="/X6OPzRaqnjtiP/VyhE3AMkEk14=">AAACA nicbVDJSgNBEO2JW4zbqCfx0hgET2FGAnoMePEYwSyQCUNPTyVp0rPYXSOGIXjxV7x4UMSrX+HNv7GzHDTxQcHjvSqq6gWpFBod59sqrKyurW8UN0 tb2zu7e/b+QVMnmeLQ4IlMVDtgGqSIoYECJbRTBSwKJLSC4dXEb92D0iKJb3GUQjdi/Vj0BGdoJN8+8lDIEPKHMfX0ncLcSyLoM98Z+3bZqThT0GX izkmZzFH37S8vTHgWQYxcMq07rpNiN2cKBZcwLnmZhpTxIetDx9CYRaC7+fSFMT01Skh7iTIVI52qvydyFmk9igLTGTEc6EVvIv7ndTLsXXZzEacZ Qsxni3qZpJjQSR40FAo4ypEhjCthbqV8wBTjaFIrmRDcxZeXSfO84joV96ZarlXncRTJMTkhZ8QlF6RGrkmdNAgnj+SZvJI368l6sd6tj1lrwZrPH JI/sD5/ANiHl6c=</latexit>
k˜/
p
!0
<latexit sha1_base64="pH3CQherPfOICk6hxm7zRwKZY9M=">AAACB HicbVA9SwNBEN2LXzF+nVqmWQyCVbyTgJYBG8sI5gNyIextJsmSvQ9354RwXGHjX7GxUMTWH2Hnv3GTXKGJDwYe780wM8+PpdDoON9WYW19Y3OruF 3a2d3bP7APj1o6ShSHJo9kpDo+0yBFCE0UKKETK2CBL6HtT65nfvsBlBZReIfTGHoBG4ViKDhDI/XtsodCDiCdZPScevpeYepFAYxY38n6dsWpOnP QVeLmpEJyNPr2lzeIeBJAiFwyrbuuE2MvZQoFl5CVvERDzPiEjaBraMgC0L10/kRGT40yoMNImQqRztXfEykLtJ4GvukMGI71sjcT//O6CQ6veqkI 4wQh5ItFw0RSjOgsEToQCjjKqSGMK2FupXzMFONociuZENzll1dJ66LqOlX3tlap1/I4iqRMTsgZccklqZMb0iBNwskjeSav5M16sl6sd+tj0Vqw8 plj8gfW5w+S25f9</latexit><latexit sha1_base64="pH3CQherPfOICk6hxm7zRwKZY9M=">AAACB HicbVA9SwNBEN2LXzF+nVqmWQyCVbyTgJYBG8sI5gNyIextJsmSvQ9354RwXGHjX7GxUMTWH2Hnv3GTXKGJDwYe780wM8+PpdDoON9WYW19Y3OruF 3a2d3bP7APj1o6ShSHJo9kpDo+0yBFCE0UKKETK2CBL6HtT65nfvsBlBZReIfTGHoBG4ViKDhDI/XtsodCDiCdZPScevpeYepFAYxY38n6dsWpOnP QVeLmpEJyNPr2lzeIeBJAiFwyrbuuE2MvZQoFl5CVvERDzPiEjaBraMgC0L10/kRGT40yoMNImQqRztXfEykLtJ4GvukMGI71sjcT//O6CQ6veqkI 4wQh5ItFw0RSjOgsEToQCjjKqSGMK2FupXzMFONociuZENzll1dJ66LqOlX3tlap1/I4iqRMTsgZccklqZMb0iBNwskjeSav5M16sl6sd+tj0Vqw8 plj8gfW5w+S25f9</latexit><latexit sha1_base64="pH3CQherPfOICk6hxm7zRwKZY9M=">AAACB HicbVA9SwNBEN2LXzF+nVqmWQyCVbyTgJYBG8sI5gNyIextJsmSvQ9354RwXGHjX7GxUMTWH2Hnv3GTXKGJDwYe780wM8+PpdDoON9WYW19Y3OruF 3a2d3bP7APj1o6ShSHJo9kpDo+0yBFCE0UKKETK2CBL6HtT65nfvsBlBZReIfTGHoBG4ViKDhDI/XtsodCDiCdZPScevpeYepFAYxY38n6dsWpOnP QVeLmpEJyNPr2lzeIeBJAiFwyrbuuE2MvZQoFl5CVvERDzPiEjaBraMgC0L10/kRGT40yoMNImQqRztXfEykLtJ4GvukMGI71sjcT//O6CQ6veqkI 4wQh5ItFw0RSjOgsEToQCjjKqSGMK2FupXzMFONociuZENzll1dJ66LqOlX3tlap1/I4iqRMTsgZccklqZMb0iBNwskjeSav5M16sl6sd+tj0Vqw8 plj8gfW5w+S25f9</latexit><latexit sha1_base64="pH3CQherPfOICk6hxm7zRwKZY9M=">AAACB HicbVA9SwNBEN2LXzF+nVqmWQyCVbyTgJYBG8sI5gNyIextJsmSvQ9354RwXGHjX7GxUMTWH2Hnv3GTXKGJDwYe780wM8+PpdDoON9WYW19Y3OruF 3a2d3bP7APj1o6ShSHJo9kpDo+0yBFCE0UKKETK2CBL6HtT65nfvsBlBZReIfTGHoBG4ViKDhDI/XtsodCDiCdZPScevpeYepFAYxY38n6dsWpOnP QVeLmpEJyNPr2lzeIeBJAiFwyrbuuE2MvZQoFl5CVvERDzPiEjaBraMgC0L10/kRGT40yoMNImQqRztXfEykLtJ4GvukMGI71sjcT//O6CQ6veqkI 4wQh5ItFw0RSjOgsEToQCjjKqSGMK2FupXzMFONociuZENzll1dJ66LqOlX3tlap1/I4iqRMTsgZccklqZMb0iBNwskjeSav5M16sl6sd+tj0Vqw8 plj8gfW5w+S25f9</latexit>
t 6= 0
⌧(t)
<latexit sha1_base64="zhRJZTZjrssIRsFSQriWhhdWKRg=">AAAB73icbVBNS 8NAEJ3Ur1q/qh69LBahXkoiBT0WvHisYD+gDWWz3bRLN5u4OxFK6J/w4kERr/4db/4bt20O2vpg4PHeDDPzgkQKg6777RQ2Nre2d4q7pb39g8Oj8vFJ28SpZrzFYhnrb kANl0LxFgqUvJtoTqNA8k4wuZ37nSeujYjVA04T7kd0pEQoGEUrdftIU1LFy0G54tbcBcg68XJSgRzNQfmrP4xZGnGFTFJjep6boJ9RjYJJPiv1U8MTyiZ0xHuWKhpx42 eLe2fkwipDEsbalkKyUH9PZDQyZhoFtjOiODar3lz8z+ulGN74mVBJilyx5aIwlQRjMn+eDIXmDOXUEsq0sLcSNqaaMrQRlWwI3urL66R9VfPcmndfrzTqeRxFOINzqII H19CAO2hCCxhIeIZXeHMenRfn3flYthacfOYU/sD5/AETmY9H</latexit><latexit sha1_base64="zhRJZTZjrssIRsFSQriWhhdWKRg=">AAAB73icbVBNS 8NAEJ3Ur1q/qh69LBahXkoiBT0WvHisYD+gDWWz3bRLN5u4OxFK6J/w4kERr/4db/4bt20O2vpg4PHeDDPzgkQKg6777RQ2Nre2d4q7pb39g8Oj8vFJ28SpZrzFYhnrb kANl0LxFgqUvJtoTqNA8k4wuZ37nSeujYjVA04T7kd0pEQoGEUrdftIU1LFy0G54tbcBcg68XJSgRzNQfmrP4xZGnGFTFJjep6boJ9RjYJJPiv1U8MTyiZ0xHuWKhpx42 eLe2fkwipDEsbalkKyUH9PZDQyZhoFtjOiODar3lz8z+ulGN74mVBJilyx5aIwlQRjMn+eDIXmDOXUEsq0sLcSNqaaMrQRlWwI3urL66R9VfPcmndfrzTqeRxFOINzqII H19CAO2hCCxhIeIZXeHMenRfn3flYthacfOYU/sD5/AETmY9H</latexit><latexit sha1_base64="zhRJZTZjrssIRsFSQriWhhdWKRg=">AAAB73icbVBNS 8NAEJ3Ur1q/qh69LBahXkoiBT0WvHisYD+gDWWz3bRLN5u4OxFK6J/w4kERr/4db/4bt20O2vpg4PHeDDPzgkQKg6777RQ2Nre2d4q7pb39g8Oj8vFJ28SpZrzFYhnrb kANl0LxFgqUvJtoTqNA8k4wuZ37nSeujYjVA04T7kd0pEQoGEUrdftIU1LFy0G54tbcBcg68XJSgRzNQfmrP4xZGnGFTFJjep6boJ9RjYJJPiv1U8MTyiZ0xHuWKhpx42 eLe2fkwipDEsbalkKyUH9PZDQyZhoFtjOiODar3lz8z+ulGN74mVBJilyx5aIwlQRjMn+eDIXmDOXUEsq0sLcSNqaaMrQRlWwI3urL66R9VfPcmndfrzTqeRxFOINzqII H19CAO2hCCxhIeIZXeHMenRfn3flYthacfOYU/sD5/AETmY9H</latexit><latexit sha1_base64="zhRJZTZjrssIRsFSQriWhhdWKRg=">AAAB73icbVBNS 8NAEJ3Ur1q/qh69LBahXkoiBT0WvHisYD+gDWWz3bRLN5u4OxFK6J/w4kERr/4db/4bt20O2vpg4PHeDDPzgkQKg6777RQ2Nre2d4q7pb39g8Oj8vFJ28SpZrzFYhnrb kANl0LxFgqUvJtoTqNA8k4wuZ37nSeujYjVA04T7kd0pEQoGEUrdftIU1LFy0G54tbcBcg68XJSgRzNQfmrP4xZGnGFTFJjep6boJ9RjYJJPiv1U8MTyiZ0xHuWKhpx42 eLe2fkwipDEsbalkKyUH9PZDQyZhoFtjOiODar3lz8z+ulGN74mVBJilyx5aIwlQRjMn+eDIXmDOXUEsq0sLcSNqaaMrQRlWwI3urL66R9VfPcmndfrzTqeRxFOINzqII H19CAO2hCCxhIeIZXeHMenRfn3flYthacfOYU/sD5/AETmY9H</latexit>
x
p
!0
<latexit sha1_base64="77OI+ev hmi7odzrWoSapf1sIkvo=">AAAB+nicbVDLSsNAFJ3UV62vVJduBovgq iRS0GXBjcsK9gFNCJPppB06jzgzUUvsp7hxoYhbv8Sdf+O0zUJbD1w4nH Mv994Tp4xq43nfTmltfWNzq7xd2dnd2z9wq4cdLTOFSRtLJlUvRpowKk jbUMNIL1UE8ZiRbjy+mvnde6I0leLWTFIScjQUNKEYGStFbvURBvpOmTy QnAxR5E0jt+bVvTngKvELUgMFWpH7FQwkzjgRBjOkdd/3UhPmSBmKGZl WgkyTFOExGpK+pQJxosN8fvoUnlplABOpbAkD5+rviRxxrSc8tp0cmZFe 9mbif14/M8llmFORZoYIvFiUZAwaCWc5wAFVBBs2sQRhRe2tEI+QQtjY tCo2BH/55VXSOa/7Xt2/adSajSKOMjgGJ+AM+OACNME1aIE2wOABPINX8 OY8OS/Ou/OxaC05xcwR+APn8wdDGpPx</latexit><latexit sha1_base64="77OI+ev hmi7odzrWoSapf1sIkvo=">AAAB+nicbVDLSsNAFJ3UV62vVJduBovgq iRS0GXBjcsK9gFNCJPppB06jzgzUUvsp7hxoYhbv8Sdf+O0zUJbD1w4nH Mv994Tp4xq43nfTmltfWNzq7xd2dnd2z9wq4cdLTOFSRtLJlUvRpowKk jbUMNIL1UE8ZiRbjy+mvnde6I0leLWTFIScjQUNKEYGStFbvURBvpOmTy QnAxR5E0jt+bVvTngKvELUgMFWpH7FQwkzjgRBjOkdd/3UhPmSBmKGZl WgkyTFOExGpK+pQJxosN8fvoUnlplABOpbAkD5+rviRxxrSc8tp0cmZFe 9mbif14/M8llmFORZoYIvFiUZAwaCWc5wAFVBBs2sQRhRe2tEI+QQtjY tCo2BH/55VXSOa/7Xt2/adSajSKOMjgGJ+AM+OACNME1aIE2wOABPINX8 OY8OS/Ou/OxaC05xcwR+APn8wdDGpPx</latexit><latexit sha1_base64="77OI+ev hmi7odzrWoSapf1sIkvo=">AAAB+nicbVDLSsNAFJ3UV62vVJduBovgq iRS0GXBjcsK9gFNCJPppB06jzgzUUvsp7hxoYhbv8Sdf+O0zUJbD1w4nH Mv994Tp4xq43nfTmltfWNzq7xd2dnd2z9wq4cdLTOFSRtLJlUvRpowKk jbUMNIL1UE8ZiRbjy+mvnde6I0leLWTFIScjQUNKEYGStFbvURBvpOmTy QnAxR5E0jt+bVvTngKvELUgMFWpH7FQwkzjgRBjOkdd/3UhPmSBmKGZl WgkyTFOExGpK+pQJxosN8fvoUnlplABOpbAkD5+rviRxxrSc8tp0cmZFe 9mbif14/M8llmFORZoYIvFiUZAwaCWc5wAFVBBs2sQRhRe2tEI+QQtjY tCo2BH/55VXSOa/7Xt2/adSajSKOMjgGJ+AM+OACNME1aIE2wOABPINX8 OY8OS/Ou/OxaC05xcwR+APn8wdDGpPx</latexit><latexit sha1_base64="77OI+ev hmi7odzrWoSapf1sIkvo=">AAAB+nicbVDLSsNAFJ3UV62vVJduBovgq iRS0GXBjcsK9gFNCJPppB06jzgzUUvsp7hxoYhbv8Sdf+O0zUJbD1w4nH Mv994Tp4xq43nfTmltfWNzq7xd2dnd2z9wq4cdLTOFSRtLJlUvRpowKk jbUMNIL1UE8ZiRbjy+mvnde6I0leLWTFIScjQUNKEYGStFbvURBvpOmTy QnAxR5E0jt+bVvTngKvELUgMFWpH7FQwkzjgRBjOkdd/3UhPmSBmKGZl WgkyTFOExGpK+pQJxosN8fvoUnlplABOpbAkD5+rviRxxrSc8tp0cmZFe 9mbif14/M8llmFORZoYIvFiUZAwaCWc5wAFVBBs2sQRhRe2tEI+QQtjY tCo2BH/55VXSOa/7Xt2/adSajSKOMjgGJ+AM+OACNME1aIE2wOABPINX8 OY8OS/Ou/OxaC05xcwR+APn8wdDGpPx</latexit>
x
p
!0
<latexit sha1_base64="77OI+evhmi7odzrWoSapf1sIkvo=">AAAB+ nicbVDLSsNAFJ3UV62vVJduBovgqiRS0GXBjcsK9gFNCJPppB06jzgzUUvsp7hxoYhbv8Sdf+O0zUJbD1w4nHMv994Tp4xq43nfTmltfWNzq7xd2d nd2z9wq4cdLTOFSRtLJlUvRpowKkjbUMNIL1UE8ZiRbjy+mvnde6I0leLWTFIScjQUNKEYGStFbvURBvpOmTyQnAxR5E0jt+bVvTngKvELUgMFWpH 7FQwkzjgRBjOkdd/3UhPmSBmKGZlWgkyTFOExGpK+pQJxosN8fvoUnlplABOpbAkD5+rviRxxrSc8tp0cmZFe9mbif14/M8llmFORZoYIvFiUZAwa CWc5wAFVBBs2sQRhRe2tEI+QQtjYtCo2BH/55VXSOa/7Xt2/adSajSKOMjgGJ+AM+OACNME1aIE2wOABPINX8OY8OS/Ou/OxaC05xcwR+APn8wdDG pPx</latexit><latexit sha1_base64="77OI+evhmi7odzrWoSapf1sIkvo=">AAAB+ nicbVDLSsNAFJ3UV62vVJduBovgqiRS0GXBjcsK9gFNCJPppB06jzgzUUvsp7hxoYhbv8Sdf+O0zUJbD1w4nHMv994Tp4xq43nfTmltfWNzq7xd2d nd2z9wq4cdLTOFSRtLJlUvRpowKkjbUMNIL1UE8ZiRbjy+mvnde6I0leLWTFIScjQUNKEYGStFbvURBvpOmTyQnAxR5E0jt+bVvTngKvELUgMFWpH 7FQwkzjgRBjOkdd/3UhPmSBmKGZlWgkyTFOExGpK+pQJxosN8fvoUnlplABOpbAkD5+rviRxxrSc8tp0cmZFe9mbif14/M8llmFORZoYIvFiUZAwa CWc5wAFVBBs2sQRhRe2tEI+QQtjYtCo2BH/55VXSOa/7Xt2/adSajSKOMjgGJ+AM+OACNME1aIE2wOABPINX8OY8OS/Ou/OxaC05xcwR+APn8wdDG pPx</latexit><latexit sha1_base64="77OI+evhmi7odzrWoSapf1sIkvo=">AAAB+ nicbVDLSsNAFJ3UV62vVJduBovgqiRS0GXBjcsK9gFNCJPppB06jzgzUUvsp7hxoYhbv8Sdf+O0zUJbD1w4nHMv994Tp4xq43nfTmltfWNzq7xd2d nd2z9wq4cdLTOFSRtLJlUvRpowKkjbUMNIL1UE8ZiRbjy+mvnde6I0leLWTFIScjQUNKEYGStFbvURBvpOmTyQnAxR5E0jt+bVvTngKvELUgMFWpH 7FQwkzjgRBjOkdd/3UhPmSBmKGZlWgkyTFOExGpK+pQJxosN8fvoUnlplABOpbAkD5+rviRxxrSc8tp0cmZFe9mbif14/M8llmFORZoYIvFiUZAwa CWc5wAFVBBs2sQRhRe2tEI+QQtjYtCo2BH/55VXSOa/7Xt2/adSajSKOMjgGJ+AM+OACNME1aIE2wOABPINX8OY8OS/Ou/OxaC05xcwR+APn8wdDG pPx</latexit><latexit sha1_base64="77OI+evhmi7odzrWoSapf1sIkvo=">AAAB+ nicbVDLSsNAFJ3UV62vVJduBovgqiRS0GXBjcsK9gFNCJPppB06jzgzUUvsp7hxoYhbv8Sdf+O0zUJbD1w4nHMv994Tp4xq43nfTmltfWNzq7xd2d nd2z9wq4cdLTOFSRtLJlUvRpowKkjbUMNIL1UE8ZiRbjy+mvnde6I0leLWTFIScjQUNKEYGStFbvURBvpOmTyQnAxR5E0jt+bVvTngKvELUgMFWpH 7FQwkzjgRBjOkdd/3UhPmSBmKGZlWgkyTFOExGpK+pQJxosN8fvoUnlplABOpbAkD5+rviRxxrSc8tp0cmZFe9mbif14/M8llmFORZoYIvFiUZAwa CWc5wAFVBBs2sQRhRe2tEI+QQtjYtCo2BH/55VXSOa/7Xt2/adSajSKOMjgGJ+AM+OACNME1aIE2wOABPINX8OY8OS/Ou/OxaC05xcwR+APn8wdDG pPx</latexit>
~
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Figure 7: Wigner probability distribution in the harmonic trap after a generic harmonic
protocol. Panel (a): The probability of having a particle at position x = 0 at t 6= 0 is
proportional to the area of the yellow strip. Panel (b): Using the scaling approach, such
strip gets a rescaled in the coordinates x˜ = x/b(t) and k˜ = (kb(t) + xb˙(t)). Note that in
these variables the Wigner function is just a circle. Panel (c): In the original variables, the
tilded coordinates just rotates, giving the rotated yellow strip. If at initial time we remove a
particle at a given position x 6= 0, the probability of creating a new one at x = 0 at time t is
proportional to the red area.
The amplitude. It is proportional to the square root of the red area A(t) shown in Figure
7. By virtue of the scaling approach, as time passes the evolution of the system can be viewed
as a simple rescaling plus a rotation of phase space, encoded in the linear transformation
sending a point (x(0), k(0)) to a point (x(t), k(t)) (see Sec. 3),(
x(0)
√
ω0
~k(0)/√ω0
)
7→
(
x(t)
√
ω0
~k(t)/√ω0
)
= M(t)
(
x(0)
√
ω0
~k(0)/√ω0
)
with
M(t) =
(
b(t) 0
b˙(t) 1b(t)
)(
cos τ(t) sin τ(t)
− sin τ(t) cos τ(t)
)
.
Then finding the area in red in Fig. 7 is an elementary geometric problem: for a white strip
of initial width δx the result is detM(t)[M(t)]12ω0δx
2. Notice that when we go from t′ to t we need to
do that for M(t)M(t′)−1 instead of M(t), so the area we are interested in is proportional to
A(t, t′) =
ω0 det[M(t)M(t
′)−1]
[M(t)M(t′)−1]12
=
ω0
b(t)b(t′) sin [τ(t)− τ(t′)] . (65)
The phase. Like in the homogeneous case, the phase of
〈
d†(x, t)d(x′, t′)
〉
should be given
by the minimum of the Lagrangian of a single classical particle, see Eq. (62). The classical
trajectory of the particle is (see section 3) of the form x(s) = `0b(s) cos(ξ0 + τ(s)) with `0 and
ξ0 chosen such that x(t) = x and x(t
′) = x′. This gives
x(s) = b(s)
x
b(t) sin(τ(s)− τ(t′))− x
′
b(t′) sin(τ(s)− τ(t))
sin(τ(t)− τ(t′)) .
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After some algebra, one finds that the phase given by the integral of the Lagrangian along
that trajectory is
exp
[
− i
~
∫ t′
t
(
1
2
(x˙(s))2 − V (x(s))
)
ds
]
= exp
[
− i
2~
(
ω0
tan(τ(t)− τ(t′))
(
x2
b(t)2
+
x′2
b(t′)2
)
+
x2b˙(t)
b(t)
−x
′2b˙(t′)
b(t′)
− 2ω0
sin(τ(t)− τ(t′))
x
b(t)
x′
b(t′)
)]
. (66)
Putting the phase and the amplitude together, we arrive at the conclusion that the con-
tribution from excitations deep inside the Fermi sea takes the form
〈
d†(x, t)d(x′, t′)
〉
= e
ipi
4
(
1
2pi~
ω0
b(t)b(t′) sin[τ(t)− τ(t′)]
) 1
2
× exp
[
− i
2~
(
ω0
tan(τ(t)− τ(t′))
(
x2
b(t)2
+
x′2
b(t′)2
)
+
x2b˙(t)
b(t)
−x
′2b˙(t′)
b(t′)
− 2ω0
sin(τ(t)− τ(t′))
x
b(t)
x′
b(t′)
)]
. (67)
5.2.3 Final result for c(x, t, x′, t′) and comparison with numerics
We thus arrive at the following result for the asymptotics of the propagator, which is the sum
of Eqs. (67) and (64). The asymptotics should be valid both inside and outside the lightcone
(but not exactly along the lightcone, like in the infinite homogeneous case):
c(x, t, x′, t′) = I(ξ, ξ′, τ − τ ′) e ipi4
(
A(t, t′)
2pi
) 1
2
exp
[
−i
∫ t′
t
(
1
2
(∂sx(s))
2 − V (x(s))
)
ds
]
+
1
2pi
e−
1
2
σ(x,t)− 1
2
σ(x′,t′)
[
e−i[φWKB+(x,t)−φWKB+(x′,t′)]
2i sin (ξ−ξ
′)+(τ−τ ′)
2
− e
−i[φWKB−(x,t)−φWKB−(x′,t′)]
2i sin (ξ−ξ
′)−(τ+τ ′)
2
+
e−i[φWKB+(x,t)−φWKB−(x′,t′)]
2 sin (ξ+ξ
′)+(τ−τ ′)
2
+
e−i[φWKB−(x,t)−φWKB+(x′,t′)]
2 sin (ξ+ξ
′)−(τ+τ ′)
2
]
. (68)
Here I(ξ, ξ′, τ) is the function which is one inside the lighcone and zero outside the lightcone,
which is simple in the (ξ, τ) coordinates (see Figure 8): for τ ∈ [0, 2pi] it can be written in
terms of the Heaviside function Θ(.) as
I(ξ, ξ′, τ) = Θ(τ − |ξ − ξ′|)Θ(|pi − τ | − |pi + ξ + ξ′|)Θ(2pi − τ − |ξ − ξ′|) (69)
and then it is extended to other values of τ by periodicity: I(ξ, ξ′, τ ± 2pi) = I(ξ, ξ′, τ).
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Figure 8: Left: Inside (yellow) and outside (white) lightcone regimes in the original (x, t)
coordinates. The continuous red line represents the lightcone. Right: Same in the (ξ, τ)
coordinates. The grid shows the boundary of the system.
Specialization to sudden quench of the frequency ω0 → ω1 and comparison with
numerics. We now compare those formulas to numerical evaluation of the propagator at
finite N (see the Appendix), and to do this we specialize to the case of a sudden quench of
the frequency: ω(t) = ω0 if t < 0 and ω1 if t > 0. In that case b(t) =
√
1 +
(
ω20
ω21
− 1
)
sin2 ω1t,
and formula (67) for the contribution from deep inside the Fermi sea simplifies to
e
ipi
4
(
1
2pi~
ω1
sin(ω1(t− t′))
) 1
2
exp
[
−i ω1
2 sin(ω1(t− t′))
[
(x2 + x′2) cos(ω1(t− t′))− 2xx′
]]
.
(70)
The comparison between the asymptotic formula (68) and the exact propagator at finite
N , Eq. (73), is shown in Figure 9. The agreement is perfect both inside and outside the
lightcone. However, one clearly sees a small region along the lightcone where our approach
is not expected to give the correct result. Note also that at the edges of the system, some
corrections are expected to occur [61,87].
6 Conclusion
In this paper, we have made one step forward in the calculation of correlation function of
inhomogeneous one-dimensional critical systems (see e.g. Refs. [1, 37–51]), by considering
a truly dynamical situation: a breathing gas of hard core bosons at zero temperature. In
particular, we have found new formulas for the 1/N ∼ ~→ 0 asymptotics of 2n-point functions
of boson creation/annihilation operators, and also for fermionic observables for which we
provided numerical checks.
This work could be extended in several directions. First, it would be interesting to study
a case with multiple Fermi points, as shown in Fig. 1(b). This could give rise to interesting
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Figure 9: Fermionic propagator, c(x, t, x′, 0), Eq.(55), as a function of x and t, for fixed values
of x′. In the density plots the absolute value is shown. Upper row: x′ = 0. Lower row: x′ = 5.
Left: Exact function from scaling approach, Eq. (73). Right: Our prediction, Eq. (68). The
one dimensional plots below show the real and the imaginary part of c(x, t, x′, 0) as a function
of x, with x′ = 5 and fixed t = 5. The black dots are the exact function from scaling approach,
Eq. (73). The red line is our prediction, Eq. (68). The dashed vertical lines are the positions
of the lightcone. The parameters are chosen as follows: ω0 = 1, ω1 = 0.5, N = 32.
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interference effects (as discussed for instance in Ref. [71]) or interesting behavior of the en-
tanglement entropy —because the entanglement entropy should be sensitive to the number
of Fermi points—. Another very interesting direction would be to study the problem of the
breathing Lieb-Liniger gas at finite repulsion strength g, extending the techniques of Ref. [46]
for the static case to a dynamical situation. It is likely that such a study would be mostly
numerical, since already the classical hydrodynamic equations (14) would not be analytically
solvable in that case. Nevertheless, it should be possible to express large scale correlation
functions in terms of the Green’s function of a certain generalized Laplacian (as in Ref. [46]),
which would then lead to an interesting efficient numerical method for the calculation of
correlation functions in that case.
The most exciting direction would perhaps be to use the new formula (53) found in this
paper to investigate correlations of the momentum distribution of particles in the gas. Correla-
tions of the momentum distributions are in principle measurable, for instance by time-of-flight.
This has been done in the weakly interacting regime of the gas [88,89], but, to our knowledge,
not yet in the strongly interacting regime for which formula (53) would apply.
Finally, it would also be interesting to consider possible extension of our method to higher
dimension, where even fewer results exist (see, for example, [90]).
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A Fermion propagator from the scaling approach
In Sec. 5, the numerical checks were performed using the exact fermion propagator obtained
from the scaling approach (which was used, for instance, by Minguzzi and Gangardt [34]).
Below, we simply summarize the main steps that lead to this exact result. Then, we will show
that the equal-time asymptotics calculated from the latter formula correspond to the CFT
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contribution we computed with our approach.
In this section we set ~ = ω0 = m = 1.
Exact propagator. Since we are dealing with a harmonic trap, the single particle wave-
functions at t = 0 are
ψn(x, 0) =
√
(1/pi)1/2
2nn!
Hn(x)e
−x2
2 , (71)
where Hn is the Hermite polynomial of order n. These are the eigenstates of the single-particle
hamiltonian at t = 0 with energies εn = n +
1
2 . The scaling approach gives the time-evolved
wavefunctions in terms of the scaling factor b(t) which solves the Ermakov equation (33) and
the function τ(t) defined in Eq. (34),
ψn(x, t) =
1√
b(t)
ψn
(
x
b(t)
, 0
)
e
ix
2
2
b˙(t)
b(t)
−iεnτ(t). (72)
Then the propagator at different times ii the many-body ground state with N particles is〈
Ψ†F(x, t)ΨF(x
′, t′)
〉
=
N−1∑
n=0
ψ∗n (x, t)ψn
(
x′, t′
)
. (73)
This remarkably simple result follows from an elementary calculation. Let us call c†n(t) =∫
dxψn(x, t)Ψ
†
F(x) the operator creating a fermion with wavefunction ψn(x, t), then we see
that the ground state at t = 0 is
∏N−1
j=0 c
†
j(0) |0〉, and the state at time t is
U(t, 0)
N−1∏
j=0
c†j(0) |0〉 =
N−1∏
j=0
(
U(t, 0)c†j(0)U
†(t, 0)
)
|0〉 =
N−1∏
j=0
c†j(t) |0〉 ,
where |0〉 is the vacuum. and U(t, t′) is the evolution operator from t′ to t > t′:
U(t, t′) ≡ T · exp
(
−i
∫ t
t′
dsH(s)
)
. (74)
Then
U(t, t′)ΨF(x′)U(t′, 0)
∏
j
c†j(0) |0〉 = U(t, t′)
N−1∑
n′=0
ψn′(x′, t′) ∏
j 6=n′
c†j(t
′) |0〉

=
N−1∑
n′=0
ψn′(x′, t′) ∏
j 6=n′
c†j(t) |0〉

and
〈0|
∏
j
cj(0)U
†(t, 0)Ψ†F(x) =
N−1∑
n=0
ψ∗n(x, t) 〈0|∏
j 6=n
cj(t)
 .
We get the propagator by taking the overlaps between these two states,〈
Ψ†F(x, t)ΨF(x
′, t′)
〉
= 〈0|
∏
j
cj(0)U
†(t, 0)Ψ†F(x)U(t, t
′)ΨF(x′)U(t′, 0)
∏
j
c†j(0) |0〉 .
The non-zero terms are the ones with n′ = n, and we get formula (73) for the propagator as
claimed.
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Equal-time asymptotics. At equal time t′ = t, it is possible to evaluate the asymptotics of
the propagator directly. In that case, the sum in (73) can be computed using the Christoffel-
Darboux formula
N−1∑
n=0
Hn(x)Hn(x
′)
2nn!
=
HN−1(x′)HN (x)−HN−1(x)HN (x′)
2N (N − 1)! (x− x′) .
If we let N →∞, we can inject the following asymptotics for the Hermite polynomials
e−
x2
2 HN (x) ∼ 2
2N+1
4
√
N !
(piN)
1
4
1√
sin(α)
sin
(
2N + 1
4
(sin(2α)− 2α) + 3pi
4
)
,
where x =
√
2N + 1 cos(α), with  ≤ α ≤ pi −  and  → 0 when N → ∞. Prior to the
complete formulation of our approach, we observed that the result could be put in the nice
form 〈
Ψ†F(x, t)ΨF(x
′, t)
〉
=
1
2pi
e−i[φ(x,t)−φ(x′,t)]
b(t)
[(
2N − x
2
b(t)2
)(
2N − x
′2
b(t)2
)]− 1
4
×
sin (φ?(x, t)− φ?(x′, t))
sin
(
ξ(x,t)−ξ(x′,t)
2
) + cos (φ?(x, t) + φ?(x′, t))
sin
(
ξ(x,t)+ξ(x′,t)
2
)
 (75)
where
φ?(x, t) ≡ 1
2
[φWKB−(x, t)− φWKB+(x, t)] ,
and ξ(x, t), φWKB∓(x, t) and φ(x, t) are defined in Eqs. (37,40,41). What is remarkable here
is that the resulting formula (75) corresponds exactly to the sum of the four terms given by
the CFT contribution of section 5.2.1.
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